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ABSTRACT

CONE-BEAM HELICAL CT VIRTUAL ENDOSCOPY: RECONSTRUCTION,

SEGMENTATION AND AUTOMATIC NAVIGATION

Bruno M. Carvalho

Supervisor: Gabor T. Herman

Virtual Endoscopy (VE) is a technique in which three-dimensional (3D) data,

acquired by an imaging technique such as Computerized Tomography (CT) or

Magnetic Resonance Imaging (MRI), is segmented and presented in an animation

so as to mimic an endoscopic examination, i.e., as if a camera were introduced

into an anatomical structure. It has been shown that the detection rate of small

abnormalities in VE is still below acceptable rates, pointing to the fact that there is

still a lot of room for improvement in these procedures. This dissertation proposes

alternative techniques for the three phases of creating a VE: image reconstruction,

segmentation and animation.

We propose the use of Algebraic Reconstruction Techniques (ART), and a

block-iterative variation of it (block-ART), for reconstructing 3D images from

helical cone-beam CT data. For efficiency and accuracy reasons, we implement

ART using modified Kaiser-Bessel window functions (also known as blobs) as ba-

sis functions that are placed on the body-centered cubic (bcc) grid, instead of the

traditionally used voxels of the simple cubic (sc) grid. The accuracy of the recon-

structions produced by these algorithms are compared with the ones produced by

a fully-3D filtered backprojection algorithm for several data sets, where is shown
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that ART produced more accurate reconstructions both in the absence and in the

presence of realistic simulated noise.

For the segmentation step, we propose a general multi-object fuzzy segmen-

tation algorithm that segments a set by producing a map that encodes the grades

of membership for all elements of this set for all objects. We report on the ac-

curacy and robustness of our algorithm and present segmentations performed on

mathematically-defined images as well as images acquired by various modalities,

such as CT and MRI.

As a result of our segmentation algorithm, strongest “paths” connecting a spe-

cific element of the set to any other element of the set are produced. These paths

are then smoothed to produce the final navigation paths for the virtual camera of

the VE animations.

In order to show the applicability of our techniques we perform the three

phases of generating a VE on a single data set.
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Chapter 1

Introduction

Endoscopy is a medical examination in which an endoscope, a device consisting

of a flexible tube and an optical system attached to its tip, is introduced into the

patient´s body, allowing the observation of the inner anatomical structures on a

monitor. Endoscopy has played a major role in screening and diagnosis of several

diseases, and has been used for the detection of various anomalies, such as gas-

tric lesions and colon polyps. Even though endoscopic methods are considered

to be of high-sensitivity for such diagnostic procedures, the less invasive nature

of some other imaging techniques (such as Computerized Tomography (CT) and

Magnetic Resonance Imaging (MRI)) that allow three-dimensional (3D) data ac-

quisition indicate the desirability of simulating endoscopic examinations based on

a reconstructed 3D data set. Such a simulation is referred to as Virtual Endoscopy

(VE).

A VE examination consists of the following stages:

1
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• 3D data acquisition− the 3D distribution of some physical parameter in the

part of the patient to be examined is acquired by any appropriate imaging

modality;

• Image segmentation− the structure to be examined is segmented from the

background and from other structures not of interest for the examination;

and

• Animation− based on a manual, semi-automatic or automatic technique,

a navigation path for a virtual camera is determined and an animation is

produced.1

The advantages of VE over conventional endoscopy are that VE is a non-invasive

procedure, that decreases exam-related patient stress, and in some cases, reduces

medical costs. (For example, while the cost of a conventional colonoscopy ranges

from US$ 1,300.00 to US$ 1,900.00, the cost of a virtual colonoscopy ranges from

US$ 450.00 to US$ 650.00 [114].) Other advantages of this technique are the abil-

ity to generate multiple animations from a single data set (allowing the physician

to change the direction of the virtual camera if necessary), the ability of examine

areas where the introduction of an endoscope is not possible (either because it is

too dangerous or because the structures are too small) or examining the interior of

structures (such as arteries) that cannot be examined with conventional endoscopy

due to lack of visibility.

1Since this is the stage that differentiates VE from other methods of visualizing the data, some-
times this stage itself is referred to as VE.
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Over the last few years, VE has been used in many clinical trials and applied to

various problems in medicine, such as examination of arteries [30, 65, 78], evalu-

ation of gastric lesions [79], laryngoscopy [26], ureteroscopy [104], tracheoscopy

[87], bladder tumor detection [99], colonography [4, 25, 114], surgical planning

and simulation [3], bronchoscopy [62, 115] and evaluation of airway obstruction

[7]. It has even been used in paleontology [46]! Another application of VE is in

education, where an animation can show the spatial relationship of various organs

by, for example, performing volume rendering of segmented organs using differ-

ent transfer functions, or some kind of automatic annotation, such as the one for

labeling bronchial branches shown in [74].

In spite of the enormous potential that VE examinations have for decreasing

costs and increasing patient-acceptance to exams, VE has not been universally

adopted, mainly because some clinical studies show that in some cases the sensi-

tivity and specificity of such exams still fall short of acceptable levels. For exam-

ple, the sensitivity of Virtual Colonography (VC) for polyp detection varies from

75% to 100% for polyps whose sizes are greater than 10mmand from 0% to 67%

for polyps whose sizes are smaller than 5mm [114], where sensitivity is defined

as the percentage of lesions found in the conventional endoscopic exam that are

also detected by VE. This points to the fact that there is still a lot of room for

improvement in these procedures.

We conjecture that sources of errors in VE exist in all three stages mentioned

above: there are artifacts introduced by the image reconstruction process, the seg-

mentation may be inaccurate, and the virtual camera settings may be inappropri-
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ate. We propose to improve the overall quality of CT-based VE exams by making

specific improvements to all three stages. The proposed improvements are sum-

marized in the next three subsections (and are fully described in the body of the

dissertation).

1.1 Cone-Beam Helical CT

Computerized Tomography (CT) is a technique for reconstructing an object from

its projections taken at different angles. These projections are obtained by collect-

ing X-ray measurements using a source and detectors move around the object.

Even though the mathematical problem of reconstructing a function (an im-

age) from its projections had been addressed as early as 1917 by Radon [89], it

was not until 1972 when a commercially marketed CT scanner became available,

patented by Hounsfield [49, 50]. In 1979 Hounsfield shared with Cormack [18]

the Nobel Prize in Medicine for the development of CT.

Successive generations of scanners made use of engineering, mathematical

and computational advances to produce clearer images while decreasing acqui-

sition time and patient exposure. A breakthrough came at the end of the 1980s

when helical CT was introduced, allowing a whole new gamut of CT-based ex-

aminations. This happened mainly due to the fact that the helical CT scanners

could acquire volumetric data much faster than their predecessors, thus reducing

respiratory and movement artifacts. Since then, the introduction of a new gen-

eration of helical CT scanners that collect data using a two-dimensional array of
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detectors (also referred to as cone-beam) increased even further the speed of data

acquisition. New applications, made possible by helical CT scanners, include CT

Angiography (also referred to as CTA) that uses CT images acquired after, and

sometimes also before, the injection of a radiopaque substance for visualization of

blood vessels; and gated tomography, where the data are sorted by cardiac phase

according to an electrocardiogram (ECG), so that the heart can be reconstructed

for the whole cardiac cycle with minimal motion artifacts.

Even though helical CT has had a great impact on clinical evaluation and di-

agnosis, some problems that can interfere with diagnosis are evident in current

scanners: examples are staircase artifacts [117, 119] and variable detection of

vessels depending on the surrounding tissue [80]. We conjecture that these arti-

facts are mostly due to data interpolation done in order to make possible the use of

the built-in reconstruction algorithm that has been carried over from non-helical

CT scanners, a claim consistent with the results presented in [80].

In this dissertation we advocate the use of iterative fully-3D reconstruction

techniques for reconstructing images from helical cone-beam CT data. The mo-

tivation to improve image reconstruction quality over 2D algorithms using inter-

polated data is based on the previously reported excellent performance of the 3D

Algebraic Reconstruction Techniques (ART) [33] in Positron Emission Tomogra-

phy (PET) [69] and in Electron Microscopy (EM) [67, 68]. ART is also a series

expansion method, i.e., it assumes that the image to be reconstructed can be ap-

proximated by a linear combination of known basis function. Due to the nature

of ART, no interpolations or assumptions about the data collection geometry are
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needed. The basic idea behind ART is to consider one measurement ray at a time,

computing the projection along it through the current reconstructed volume, and

backprojecting the difference between the computed and the measured projection

values (i.e., updating the coefficients of the basis functions intersected by that

ray). Another type of algorithm that we investigate is a variant of ART, called

block-ART [23], that works in a similar way except for the back-projection step,

which is performed only after the projection differences for all rays in a block are

computed.

In the general description of ART in the last paragraph we mentioned the up-

dating of the coefficients of the basis functions without specifying what these basis

functions are. In fact, ART is quite flexible from this point of view: an implemen-

tation of ART using voxels (cubes with uniform value 1 inside and 0 outside) can

be easily modified to work with different basis functions. An alternative to voxels

for representing functions in general (3D images in our case) is the use of gen-

eralized Kaiser-Bessel window functions (also known as blobs [63]), which have

been proposed for iterative image reconstruction in [64]. Furthermore, by simply

changing the routines that trace the rays in the volume, ART can be implemented

on different grids. To make use of this, we rely on [70] that compares the effi-

ciency of blobs for iterative reconstruction when placed on various grids (namely

the simple cubic (sc) grid, the face-centered cubic (fcc) grid and the body-centered

cubic (bcc) grid), and the work in [71] that discusses how to choose appropriate

blob parameters to be used in the reconstruction algorithm.

Thus, the objective of the research presented in this dissertation is to use it-
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erative algorithms (namely the Algebraic Reconstruction Techniques (ART) [34]

and its block-ART variants [23]) in conjunction with blob basis functions placed

on the bcc grid to obtaining high-quality reconstructions from helical cone-beam

CT data [44].

1.2 Segmentation

Image segmentation is the process of distinguishing one or more objects in an

image. Even in cases when segmentation is an easy task for humans, a computer

program may have difficulties, especially when noise, occlusion, texture or shad-

ing are present. The simplest way of segmenting a gray-scale image is to classify

the pixels as belonging to an object if their intensity values fall within a range

delimited by one or more thresholds; this method is calledthresholding. A com-

mon misunderstanding in the radiology literature regarding shaded surface display

(SSD) is the notion that thresholding is the appropriate method for segmenting the

volumes for subsequent rendering [90], and so ,thresholding continues to be used

as a segmentation technique even in recent papers reporting on VE experiments

[7, 79, 104]. Many results reported in the image processing literature, e.g., Fig-

ures 1, 3 and 4 of [11], show examples where thresholding fails badly when used

to segment images corrupted by noise or shading (varying background).

The segmentation method advocated in this dissertation is based on the con-

cept of fuzzy connectedness that was introduced in [112], but it is generalized

here to arbitrary spaces and multiple objects. The basic idea of the approach of
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[112] is to produce a map that associates with each element of the image a grade

of membership in the object based on some input (in the form of selectedseed

elements), and then to threshold this map to produce a desirable segmentation of

the object in the image. In the method that we present in this dissertation [42], the

input to the algorithm is formed by seeds forM objects and the output is an “M-

segmentation” determined by a desirable mathematical property. If appropriate

seed elements are chosen for the various objects, then the resulting map does not

need to be thresholded and can be used as the final segmentation. Since the the-

ory behind our method is valid for arbitrary spaces, it can be used for segmenting

volumes placed on the bcc or fcc grids [10], as well as on the simple cubic grid.

Our method can be classified as semi-automatic since it depends on user input

to perform appropriately, but if enougha priori information about the types of ob-

jects to be segmented is available, then a fully automatic version of the algorithm

(specialized for the application) can be produced [27]. Since it has been success-

ful in segmenting images corrupted by noise and/or shading on various grids, we

use in this dissertation the method mentioned above to extract the structures to be

visualized in the VE animation.

1.3 Navigation

One of the main problems associated with VE is to find an appropriate navigation

path, i.e., controlling the motion of the virtual camera that provides the final ani-

mation. The navigation techniques can be classified as manual (user-defined nav-
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igation paths), semi-automatic (user-steered navigation paths) or automatic [114].

Manual techniques require the user to manipulate a tracking device (e.g., a mouse

or a trackball) for guiding the virtual camera, while in semi-automatic techniques

the user selects key camera locations that are connected, usually by cubic splines,

to compose the navigation path. In automatic techniques, only a start and one or

more end-points are selected by the user, and the program generates the navigation

path based only on this information and the segmented volume itself.

The segmentation algorithm outlined in Section 1.2 not only outputs a labeling

of the elements composing an image, but it can also provide information about the

strongest path connecting a seed element to any other element. In this dissertation,

we propose the use of these strongest paths as initial navigation paths. These

rough navigation paths are then smoothed by retaining some of their elements and

connecting them using B-splines.

1.4 Outline

Chapter 2 provides a brief introduction to the field of CT image reconstruction.

Chapter 3 presents iterative algorithms that can be used for fully-3D reconstruc-

tion from helical cone-beam CT data and their performance when applied to ar-

tificial data. Chapter 4 describes an improved implementation of the fuzzy seg-

mentation method introduced in [112] and a multi-object generalization of it [42].

This method is then used to segment the structures that are visualized in Chapter

5, in which we describe our method of generating appropriate camera navigation
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paths for producing the VE animation. Finally, Chapter 6 presents our conclusions

from this research and possible future developments to it.

To illustrate throughout the dissertation the whole process of producing a VE

animation we utilize an abdominal CT data set from a patient that has been pre-

pared for a virtual colonoscopy. Projection data are generated for this object,

which is then reconstructed in Chapter 3, segmented in Chapter 4, and is used to

produce an animation based on the segmentation in Chapter 5.



Chapter 2

Computerized Tomography

Computerized tomography (CT) deals with the problem of reconstructing an im-

age from its projections. A projection at a given angle is a collection of integrals of

the image along lines in a direction specified by that angle [54]. In CT, the integral

along a line through an object, connecting an X-ray source to a detector, can be

estimated from the ratio of the number of X-ray photons traveling along that line

that entered the object to the number of photons that emerged on the other side of

the object. The logarithm of this ratio approximates the integrated X-ray attenua-

tion coefficient along that line. If a sufficient number of line integrals are collected

for a sufficient number of projections, then the image that gave rise to the mea-

surements (raysums) can be reconstructed. The number of integrals collected will

influence the quality of the reconstruction. While increasing this number leads

to more accurate reconstructions, other considerations limit how far one should

go, since the required additional radiation increases the probability of developing

11
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a radiation-induced illnesses. In addition, the quality of the integral estimations,

and thus, the quality of the reconstructions, depend on a number of factors. In

this chapter we discuss potential sources of errors in CT data collection, the task

of reconstructing an image from its projections, and three classes of methods for

performing this task.

Even though this dissertation addresses the problem of reconstructing 3D im-

ages from a set of projections, for the sake of simplicity, the discussion that fol-

lows regarding the characteristics of data collection and reconstruction algorithms

is restricted to the 2D case. (Reconstructing a 3D volume using the 2D algorithms

described in this chapter can be achieved by simply stacking successive 2D recon-

structions.) In Chapter 3 more will be said about algorithms for truly-3D image

reconstruction from projections.

2.1 Data Collection

One characteristic that classifies CT scanners is the geometry of data collection;

i.e., the trajectory of the X-ray source relative to the patient and the number of

detectors and their arrangement. The first CT scanners, calledpencil-beam incre-

mentalscanners, contained one X-ray source and one detector, and were followed

by the fan-beam incrementalscanners that contained one X-ray source and sev-

eral detectors; both featured an incremental linear move of the source-detector

system for collecting data for one angle followed by a rotation of the system. The

fan-beam spinningscanners also contained one X-ray source and several detectors
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(now covering a whole cross-section of the body), but their movement consisted

only of rotation of the source-detector system or only of the X-ray source when the

array of detectors covered the whole 360◦. Thecone-beam spinningscanners had

several rows of detectors, allowing data collection through several cross-sections

of the body at the same time and the movement consisted of rotating the source-

detector system. In these spinning scanners the data were collected using a circu-

lar trajectory of the X-ray source to acquire projection data of a single slice (or a

few slices in the cone-beam case), followed by a translation parallel to the long

axis of the body for collecting data of the next slice(s). Modernhelical cone-beam

scanners have a gantry containing an X-ray source and rows of detectors that are

rotated around the patient who lies on a table that is moved at a constant speed

through the gantry opening. (The X-ray source trajectory is a helix in the patient

coordinate system, thus the name helical CT.)

Before presenting the methods for reconstructing an object from its projec-

tions acquired by a CT scanner, we discuss the following question: How good are

the data collected by the source-detector apparatus as an approximation of line

integrals? The answer to this question is based on the physics of the processes

involved in the data collection by a CT scanner.

First we look at how the measurements, are used to approximate the line inte-

grals, are taken and what they are measuring. The X-ray source emits photons that

travel through the imaged object until they either reach a detector associated with

the current measurement, or are absorbed by tissue or are scattered away from

their original direction. Figure 2.1 shows the different possible interactions of a
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photon with an object.

X−ray source

detectors

Figure 2.1: Photon interactions. A photon emitted from the X-ray source can be
absorbed (green), scattered (blue) or correctly detected (red).

Let us ignore scattering for the moment and take a look at what exactly deter-

mines whether a photon is absorbed or not at a specific point during its trajectory?

The physics of photon absorption tells us that for the energy level that is asso-

ciated with a photon there is a probability that it will be absorbed by a specific

material. To be precise, if we letρ be the probability that a photon at energye

will not be absorbed by a slab of a tissuet of unit thickness when traveling along

a line perpendicular to the slab, then thelinear attenuation coefficient µt
e is

µt
e =− ln ρ, (2.1)

whereln is the natural logarithm. If only absorption were involved in the mea-

surement process, thenρ would be approximated by the ratio between the number



CHAPTER 2. COMPUTERIZED TOMOGRAPHY 15

of photons detected (Nout) and the number of photons emitted (Nin). Table 2.1

shows approximate linear attenuation coefficients of various tissues (reproduced

from [39]) and water at 60KeV.

Material Linear attenuation
coefficient

Bone 0.416
Brain 0.210

Meningioma 0.213
Cerebrospinal fluid 0.207

Water 0.206

Table 2.1: Approximate linear attenuation coefficients (expressed incm−1) for
selected materials at 60KeV.

Now suppose that we want to reconstruct the slice of a human body shown in

Figure 2.1. First we have to collect projections for this 2D image. This is done,

for each lineL, by taking the ratio between the number of detected (Nout) and the

number of emitted photons (Nin) for that lineL. If we useµe(x,y) to denote linear

attenuation coefficient at a fixed energye of the tissue at the point(x,y) on the

line L, then we have

Nout≈ Nin exp

[
−

∫
L

µe(x,y)dl

]
(2.2)

wherel is the parameter describing the location along the lineL.

However, there is a basic problem with (2.2): we cannot determine exactly the

number of photons emitted in the direction ofL by the X-ray source. (The number

of photons emitted by an X-ray source during a period of time is a sample from

a Poisson distribution, i.e., one that has meanλ and standard deviation
√

λ and
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can be approximated by a normal distribution ifλ is large enough, which is nearly

always the case in X-ray CT.)

In practice, the concept ofrelative linear attenuationis used. The relative

linear attenuation is defined asµt
e−µc

e, wheret is the tissue at a point in the imaged

object during the actual measurement andc is the tissue at the same point during

a calibration measurement. The calibration measurement is performed with an

homogeneous object of known attenuation coefficient (also known as the reference

material) occupying the whole reconstruction area, soµc
e is the same for all points

inside the reconstruction area and 0 for all points outside it for all energies. Since

the body to be reconstructed is assumed to be within the reconstruction area, the

relative linear attenuation outside the reconstruction area is 0.

2.1.1 Polychromaticity and Beam-Hardening

Every X-ray source has an energy distribution (spectrum) that characterizes it,

with different percentages of photons emitted at different energy levels. If the

spectrum of an X-ray source (beam) has a single energy, then that source (beam)

is said to bemonochromatic, in contrast to apolychromaticX-ray source (beam)

whose spectrum is composed of photons with more than one energy levels.

The dependence of the linear attenuation coefficientµon the energy, expressed

in (2.1) and (2.2), affects the measurements taken with a polychromatic X-ray

source. As a polychromatic X-ray beam travels through an object it is attenuated

according to both the tissue it traverses and the spectrum of the beam (2.2). Since

the probability of a photon being absorbed by the tissue depends on the energy
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of the photon, photons with different energies are attenuated differently, changing

the spectrum of the X-ray beam. This change in the spectrum of the X-ray beam is

calledbeam-hardening, due to the fact that photons with lower energy are usually

more likely to be absorbed than photons with higher energy. Thishardensthe

spectrum of the beam, i.e., increases the percentage of high-energy photons in the

X-ray beam. Integrating over the energies of the spectrum, (2.2) yields

Nout≈
∫

E
Sin(e) exp

[
−

∫
L

µe(x,y)dl

]
de, (2.3)

whereSin(e) is the total number of photons emitted with energye. The prob-

lematic consequence of beam-hardening is that X-ray beams passing through a

specific point coming from different directions will most likely have different

spectra, and thus will be attenuated differently at that point. Reconstruction ar-

tifacts caused by beam-hardening include streaks between areas containing high

density tissues.

Several methods were developed in order for estimating monochromatic mea-

surements from the polychromatic measurements [39, 72]. Other approaches, not

commonly implemented, make use of dual-energy scans or split detectors [54].

2.1.2 Other Problems of Data Acquisition

As mentioned before, scattering happens when a photon is deflected from its orig-

inal path (usually with a decreased associated energy). This is another source

of error in the measurement of a projection, since it can lead to a photon being

detected by the “wrong” detector (the blue line in Figure 2.1). To reduce this
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problem the detectors are collimated, to avoid the detection of photons that are

not traveling approximately in a straight line between the source-detector pair.

The partial volume effectis an error due to non-negligible sizes of the focal

spot and detectors, which results in photons going through different tissues to-

ward the same detector being attenuated with different probabilities. The detector

counts the sum of the numbersNout for the various lines between the source and

the detector. Because of the non-linearity present in (2.2) due to the exponen-

tial function, this sum may not yield a good estimator of the average of the line

integral between the X-ray source and the detector.

Another factor that can affect the quality of an X-ray measurement is the effi-

ciency of the X-ray detector. Defective detectors were the cause of ring artifacts

(see Figure 4.12 of [54]) that could be present in reconstructions from data col-

lected by fan-beam spinning scanners in which the detector array is rotated with

the X-ray source.

2.2 Reconstruction Algorithms

If we put aside all potential sources of error in the data acquisition, then our prob-

lem is reduced to the reconstruction of a 2D image from a finite number of projec-

tions. For the following discussion the parametrization of the lines follows Figure

2.2.

We define

R f (t,θ) =
∫ ∞

−∞

∫ ∞

−∞
f (x,y)δ(x cosθ+y sinθ− t) dxdy, (2.4)
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L

Figure 2.2: Parametrization of a line:L is determined by its distance from the
origin (t) and the angle (θ) that it makes with they axis.

andR f is called the Radon Transform of the imagef . R is an operator, i.e.,

when applied to a functionf , defined on the 2D Euclidean plane, it produces the

functionR f over the(t,θ) space. Such a function is also called asinogram, due

to the fact that the(t,θ) parameters of the lines that go through a specific point

(x,y) form a sinusoidal curve.

The problem of reconstructing a function from its integrals along lines was

solved back in 1917 when Radon [89] proved that (under some mild conditions

on a functionf of two variables)

f (x,y) =− 1
2π2 lim

ε→0

∫ ∞

ε

1
q

∫ 2π

0
[R f ]1(xcosθ+ysinθ+q, θ) dθdq, (2.5)

where[R f ]1 denotes the partial derivative ofR f with respect to its first variable.

From the equation above, we can infer that the set of all line integrals of a 2D
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image uniquely determines the image. However there are still some problems that

have to be addressed when writing an algorithm to implement the right hand side

of (2.5), which is usually referred to as the Inverse Radon TransformR−1. First,

there are only finitely many measurements available for the algorithm as input.

Second, a reconstruction algorithm will also have to work with inconsistent and

noisy measurements related to the problems mentioned in Section 2.1. Finally,

(2.5) is a mathematical formula; what we are looking for are algorithms that im-

plement (2.5) efficiently.

In order to illustrate various approaches to reconstructing images from their

projections, algorithms of three types are described below. For a programming

system that contains many built-in reconstruction algorithms and allows the cre-

ation of new algorithms, as well as their evaluation, see [9].

2.2.1 Fourier-Based Methods

Algorithms of this type are based on the Central Slice Theorem and are also re-

ferred to as direct Fourier methods. The Central Slice Theorem states that the 1D

Fourier transform with respect tot of [R f ](t,θ) is equal to the restriction of the

2D Fourier transform off to the line through the origin which makes the angleθ

with the horizontal axis. This relationship can be seen in Figure 2.3.

By Using the Central Slice Theorem one can devise a simple algorithm for

reconstructing an image from its projections. Performing the Fourier transform

on the projection data for every projection gives us the Fourier transform of the

original image along some lines, and after all projections are used, the resulting



CHAPTER 2. COMPUTERIZED TOMOGRAPHY 21

1D FT

θ

t

θ

Projection

Object

2D FT

Figure 2.3: Graphical representation of the Central Slice Theorem. The dotted
lines represent the Fourier transform of other projections not shown on the left
image.

image in the Fourier domain can be inverted using the inverse Fourier transform

to produce a reconstruction. The problem with this simple algorithm is that the

known values in the Fourier domain are located on a polar grid, while an efficient

implementation (using FFT, the Fast Fourier Transform) of the inverse Fourier

transform requires that the data be placed on a square grid. This necessitates an

interpolation of the data in the frequency domain, a step that usually introduces

artifacts in the reconstructed image, especially at high frequencies where the avail-

able sampling density in the Fourier domain is low. One solution to this problem is

the technique called gridding [81]. This technique consists of two steps, normal-

ization and averaging. In the first step, normalization coefficients are computed

based on the local sampling density; the denser this is in a region, the smaller the
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coefficients are. The averaging step consists of convolving the normalized data

with an interpolating kernel (usually a bell-shaped function, reflecting the greater

importance of closer sampling points).

Another method that is based on the Central Slice Theorem is thelinogram

method [22]. The approach outlined here is based on [41], where the Fourier

transform of the image is expressed as the sum of two functions plus the DC

constant (i.e., the value of the Fourier Transform at the origin). The linogram

method assumes a special spatial arrangement of the projection data which makes

it possible that the inverse Fourier Transform of both functions be obtained by

applying the chirp Z transform in the second variable (θ) followed by the inverse

Fourier transform in the first variable (t). The resulting reconstruction is then

computed by adding the resulting Fourier Transform and the DC term, that is

estimated separately. If the data were not collected according to the assumed

arrangement in the(t,θ) space then interpolation of the projection data prior to

the linogram reconstruction needs to be performed.

2.2.2 Filtered Backprojection

Another way of implementing the Inverse Radon Transform is to produce a math-

ematical formula expressing a discrete version of the image to be reconstructed in

terms of its Radon Transform. Arguably the most used reconstruction algorithm

in commercial CT scanners, the filtered backprojection algorithm, is an algorithm

of this type. The filtered backprojection algorithm represents the Inverse Radon
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TransformR−1 in (2.5) as

R−1 =− 1
2π

BH1D1. (2.6)

This representation tells us that the Inverse Radon Transform can be implemented

by first differentiating the projection data (D1) with respect to its first variable (t),

followed by applying the Hilbert transform (H1) with respect to the first variable,

then backprojecting1 (B) and finally multiplying the result by the factor−1/2π

(referred to as normalization). In practice, as mentioned before, the available

data consist of a finite number of approximations of the true line integrals. Thus,

an algorithm based on (2.6) has to reconstruct the valuef (x,y) from the given

approximations ofR f (ti ,θ j), for 1≤ i ≤ L and 1≤ j ≤M, for some number of

projections (M) and measurements per projection (L).

When implementing an algorithm based on (2.6), its first two operators, the

differentiation and the Hilbert transform with respect the first variable, are ap-

proximated by a convolution of the projection data with a fixed function. This

approach is based on the method ofregularization, using the idea that, in the limit,

a family of functions (called aregularizing family) provide a good approximation

to these operators. Thus, a function of this family is chosen so that it can be com-

puted in a reasonable amount of time while still providing a good approximation

to H1D1. For a complete derivation of the standard filtered backprojection algo-

rithm for both parallel and divergent beams and a discussion on how to choose the

functions to be convolved with the projection data see Chapters 8 and 10 of [39].

1The backprojection operator is the adjoint of the projection operator, and consists of smearing
out each line integral along its line of integration.



CHAPTER 2. COMPUTERIZED TOMOGRAPHY 24

Despite its great success in commercial applications, the filtered backprojec-

tion algorithm suffers from some limitations, such as a greater sensibility to noise

and to missing data than some other algorithms. Since the derivation of the method

is dependent on the geometry used, the adaptation of an algorithm from one ge-

ometry to another is not trivial, usually requiring the re-derivation of the method

for the new geometry or the rebinning (reordering) and/or interpolation of the

projection data to the original geometry for which the algorithm was designed.

2.2.3 Series Expansion Methods

In this class of methods the reconstruction problem is discretized at the beginning

by assuming that the imagef to be reconstructed can be approximated by a linear

combination ofN known basis functionb weighted by appropriate coefficientsc j ,

i.e.,

f (x,y)≈
N

∑
j=1

c jb

(√(
x−x j

)2 +
(
y−y j

)2)
(2.7)

where
{(

x j ,y j
)}N

j=1 is the set of grid points in the 2D Euclidean space to which

the basis functions are shifted. The problem of reconstruction from projections

can then be formulated as the estimation of a column image vectorc that must

satisfy the system of approximate equalities

Ac≈Y, (2.8)

whereY is the measurement vector containingI elements andA is a projection

matrix containing the contributions to the measured rays of the basis functionb
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centered at
{(

x j ,y j
)}N

j=1 whose coefficients are{c j}Nj=1. Thus, each individual

measurementyi of Y can be expressed as

yi ≈
N

∑
j=1

ai, jc j , (2.9)

whereai, j denotes the value of the contribution to theith measurement of thejth

basis function. An alternative notation for (2.9) isyi =
〈
aT

i ,c
〉
, whereaT

i is the

transpose of theith row of A. It is easy to see that this formulation in general

will result in a very sparse projection matrixA in (2.8); for example, if we are

trying to reconstruct a 2D image usingK×K pixels as basis functions, then each

measurement will intersect between 0 and 2K−1 out of a possibleK2 pixels.

One of the series expansion methods is expectation maximization (EM) pro-

posed for image reconstruction from projections in [98]. The basic idea is to

search for the coefficient vectorc that maximizes the likelihood of observing the

given measurements, assuming that each measurement is a sample from a Poisson

distribution whose mean is the right hand side of (2.9). A variant (to be described

below) was proposed in [43], it is designed to optimize a more complex criterion

that incorporates a smoothing component to counteract noise.

Let RN
+ denote the vectors inRN in which all components are nonnegative.

Then, the optimization task is to find thec in RN
+ that minimizes

I

∑
i=1

(〈
aT

i ,c
〉
−yi ln

〈
aT

i ,c
〉)

+
γ
2
〈c,Sc〉 , (2.10)

where ln represents the natural logarithm,γ is a real regularization parameter and

S is anN×N smoothing matrix. In [43] the basis functions were pixels and the
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smoothing matrix was defined so that

〈c,Sc〉= ∑
j∈Nb

(
c j −

1
8 ∑

k∈Nj

ck

)2

, (2.11)

whereNb denotes the set of indexes of pixels that are not located on the edges

of the image andNj denotes the indexes of the 8 neighboring pixels of the pixel

indexed byj. Smoothing matrices usually have nonzero elements corresponding

only to a small neighborhood of each pixel to enforce some local homogeneity, as

in (2.11).

The EM variant of [43] is then described by the following set of iteration

update rules:

c(0) is a vector with positive components, (2.12)

p(n)
j =

1
9γsj, j

I

∑
i=1

ai, j −c(n)
j +

1
9sj, j

N

∑
u=1

sj,uc(n)
u , (2.13)

q(n)
j =

c(n)
j

9γsj, j

I

∑
i=1

ai, jyi〈
aT

i ,c(n)
〉 , (2.14)

c(n+1)
j =

1
2

[
−p(n)

j +

√(
p(n)

j

)2
+4q(n)

j

]
. (2.15)

The total number of iterations to be used (the stopping criteria) is usually deter-

mined by experiments.

The optimization task defined by (2.10) and the iteration updates defined by

(2.13), (2.14) and (2.15) were designed to reconstruct images from projections

acquired by emission tomography such as PET and SPECT. Even though there is
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nothing preventing one from using this method for reconstructing images on pro-

jections acquired by transmission tomography, since the approach above is based

on the physics of emission tomography it is not commonly used for reconstructing

images from projections acquired using an X-ray source.

The description of the expectation maximization approach of [43] shows how

a typical series expansion method works. Another family of algorithms of this

type is formed by the algebraic reconstruction techniques that are discussed in

greater detail in Chapter 3.



Chapter 3

Cone-Beam Helical CT

The development of helical CT made possible the use of CT scanners in new

applications, such as CT Angiography, also known as CTA. This is due to the

enormous reduction of motion artifacts in helical CT reconstructed volumes as

compared to traditional CT reconstructed volumes.

Even though helical CT has had a big impact in such applications, problems

associated with the quality of the volumes produced by it have been reported in

the literature, mainly associating them with CT protocols or reconstruction al-

gorithms. In [80], the authors examine the effect of various CT protocols and

surrounding vessel materials on the accuracy of the reconstructed volumes. They

show that the quality of the reconstructions varies with the materials surrounding

the vessel phantoms and the direction in which they were placed on the patient

table. The results of their experiments and the artifacts present in those recon-

structions are consistent with the fact that the reconstruction algorithm made use

28
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of “data” obtained by interpolation parallel to the long axis of the body.

Besides making new applications possible, the development of helical CT

scanners also made old applications more accessible: since the price of a CT

scanner increased at a much slower rate than its speed, the improved throughput

had the effect of lowering the cost associated with a CT exam. The most advanced

CT scanners of today have a speed of 2.5 rotations per second and use as many as

16 rows of detectors, and so can image an object covering 240mmin the direction

of patient table with a resolution of 0.75mmin 7 seconds.

A major engineering hurdle in the development of helical CT scanners was

making wireless the X-ray source-detectors ring that continuously rotate around

the patient, i.e., feeding energy to it and collecting data from it without connecting

cables. The solution was to use slipping contacts to transmit energy and optical

connections for transmitting the data. On the other hand, the major obstacle on

the reconstruction side was the handling a much higher input data flow while

still delivering acceptable reconstructions. This obstacle was mostly overcome

thanks to Moore’s law [1] (that in its current definition states that the logic density

of silicon integrated circuits per square inch doubles every 18 months) and to

extensive use of specialized hardware for this task.

The built-in algorithms of CT scanners were developed for reconstructing fan-

beam data (a single row of detectors) collected over a circular trajectory, and so,

prior to reconstruction, the cone-beam data collected over a helical trajectory is

first processed to produce interpolated fan-beam data for a number of circular tra-

jectories (one per reconstructed slice). To this date, the great majority of scanners
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still use 2D reconstruction algorithms; the reason behind this being the fact that

transition to new algorithms requires major hardware redesign.

3.1 Helical CT Data Collection

In the experiments shown in this chapter, the helical CT geometry used for data

collection is thePI-geometry[108]. In all experiments performed using this ge-

ometry, the data was generated using the software Take [76], a product of the

Image Processing Laboratory of Linköping University, Sweden.

The PI-geometry has the particular feature that the detector array fits exactly

between two consecutive turns of the X-ray source trajectory. Named after its

inventor, this detector is known as the Tam window, but is also referred as thePI-

detector. Figure 3.1 shows an example of the PI-geometry, where a ray is indexed

by the projection angleβ, the fan-angleγ and the cone-angleκ, andP indicates

the pitch of the helical trajectory (the distance traversed in thezdirection over one

full turn of the X-ray source). A geometry such as this, with a slanted detector,

is unlikely to be built, so in practice the data collected by the scanner geometry

would have to be rebinned to the PI-geometry.

3.2 Fully 3D Reconstruction

Research in the field of 3D reconstruction algorithms for helical CT has been very

active with several algorithms being published and, even though the commercial
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Figure 3.1: PI-geometry.
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scanners still make use of 2D algorithms, it is expected that soon some of the 3D

algorithms will be adopted by the manufacturers. In this dissertation we advocate

the use of iterative reconstruction techniques for reconstructing from helical cone-

beam CT data.

A tutorial on helical cone-beam CT reconstruction algorithms is presented in

[108]. There, the authors describe algorithms that make use of data rebinning and

interpolation followed by 2D backprojection using one or more detector rows, as

well as fully-3D helical reconstruction algorithms. This last class of algorithms

is subdivided into exact reconstruction algorithms (based on Grangeat’s method

[36, 37]), filtered backprojection algorithms (based on the circular cone-beam al-

gorithm of [24]) and Fourier reconstruction algorithms [96]. The authors also

mention the possibility of using iterative algorithms for reconstructing from heli-

cal cone-beam CT data, but do not compare them to the ones they analyzed.

3.3 Filtered Backprojection Methods

Tuy [109] proposed an inversion formula for cone-beam data collected so that

the X-ray source path intersects every plane whose intersection with the object is

not empty. Note that a circular trajectory does not meet this condition for a 3D

object. To be able to reconstruct from data collected in a manner not satisfying

Tuy´s Condition, much work has been done on the so-called filtered backprojec-

tion methods.

The first filtered backprojection method for cone-beam CT reconstruction was
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the Feldkamp algorithm [24], developed for circular trajectories. This algorithm

is very similar to the 2D filtered backprojection algorithm presented in Section

2.2, with an additional step performed on the data, by weighting them before they

are filtered row-by-row, with weighting factors that depend on both the cone- and

fan-beam angles. Even though the Feldkamp algorithm is designed to process

truncated data in the longitudinal direction, the quality of the reconstructions de-

creases as the cone-beam angle increase.

Various adaptations of the Feldkamp algorithm to general trajectories have

been published [116, 120], including the helical case. All Feldkamp-type algo-

rithms perform weighting, followed by row-by-row filtering and cone-beam back-

projection. In these algorithms (referred to as full-scan methods) each voxel re-

ceives contributions from backprojections forming a projection interval of 2π, and

for a given voxel and projection angle, only the rays of the cone from the closest

turn are backprojected. The interpolation process in the backprojection step uses

only rays coming from the same cone-beam.

The fact that the algorithms mentioned above use the data from only one cone

for a particular projection angle implies that many of the already weighted and fil-

tered projection data are wasted, while also imposing restrictions on the maximum

detector height. Several short-scan (i.e., which do not use projection data from the

full range of[0,2π]) algorithms have been developed to overcome these problems.

The PI-algorithm family [88, 107] performs data rebinning into oblique parallel

beams prior to the filtering and backprojection steps. The rebinning step is done

as follows: for a given projection angle, a virtual planar detector perpendicular to
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its central ray is defined in the center of the cylinder defined by the X-ray source

trajectory. Then, columns of measurements from various cones are arranged into

oblique parallel beams so that rows from different cones hit the virtual planar de-

tector at the same height. Even though the oblique parallel rays start at different

z-coordinates they define a rectangular window (the virtual planar detector) of

heightP/2, whereP is the pitch of the helical trajectory. This data is then filtered

and backprojected to produce the reconstruction.

Another approach is the use of complimentary rebinning. Its basic idea is

that the measurement (an approximation to the line integral along a ray) is not

affected by the reversal of the ray direction (this is not necessarily true, see Section

2.1). The complementary rebinning is done as follows; the data of “direct” cones

from the intervalsθ ∈ [0,π) remain unchanged (for every turn of the helix) while

the data of cones from the intervalsθ ∈ [π,2π) (for every turn of the helix) are

rebinned into virtual complementary cones that are defined as follows. For each

given projection angleθ ∈ [0,π) there is a pair of coordinates(x,y) defining the

position of the X-ray source in thexy-plane. Figure 3.2 shows a complimentary

cone between two direct ones. Then, measurements from cones stemming on

the opposite side of the helix that intersect this(x,y)-position are grouped into

a virtual complementary cone. Since these measurements come from different

direct cones, the virtual source position lie on a line parallel to thez-axis. The

direct and complementary cones are then weighted, filtered and backprojected.

Now the interpolation performed in the backprojection step makes use of the direct

data as well as the complementary data, thus reducing the amount of non-used data
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Figure 3.2: Two direct projections and a virtual complementary projection (red)
with its virtual source position (blue).

as well as the average interpolation width in thez-direction. Algorithms of this

type include the Complementary Filtered BackProjection (CFBP) algorithm [95]

as well as the algorithm proposed in [103].

A third approach is to use smooth sinogram windowing, in which the pro-

jection data that will contribute to a single slice are smoothed before they are

weighted, filtered and backprojected. The objective of the smoothing step is to

enforce the sums of the weights of rays measured twice (redundant data) to be

equal to 1, similarly to the approach of [84] for 2D reconstruction from fan-beam

data. An algorithm of this type is the Short Scan Feldkamp of [59].
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3.4 Algebraic Reconstruction Techniques (ART)

The ART algorithms belong to the class of reconstruction algorithms called Series

Expansion Methods, described in Section 2.2. In the 3D case, the approximation

of the imagef to be reconstructed by a linear combination of the known basis

functions becomes

f (x,y,z)≈
N

∑
j=1

c jb

(√(
x−x j

)2 +
(
y−y j

)2 +
(
z−zj

)2)
, (3.1)

where
{(

x j ,y j ,zj
)}N

j=1 is the set of grid points in the 3D Euclidean space to which

the basis functions are shifted. As was mentioned above, the problem of recon-

struction from projections is formulated as the estimation of an image column

vectorc that satisfies the system of approximate equalities

Ac≈Y, (3.2)

given a measurement vectorY and a matrixA containing the values of the con-

tributions to the measured rays of the shifted basis functions. Now we describe

two variants of ART, a standard one that considers one ray per iterative step and a

block version, in which several cone-beam projections are used per iterative step.

3.4.1 Standard ART

As mentioned in the previous chapter, algebraic reconstruction techniques are se-

ries expansion methods. They are also iterative; i.e. they produce a sequence of

vectorsc(0),c(1),c(2), . . . with the intent that the sequence converges to a satisfac-

tory solution of the system (3.2).
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The column vector of measurementsY is composed of the individual mea-

surementsyi , for 1≤ i ≤ I . The elementsai, j of A, for 1≤ i ≤ I and 1≤ j ≤ N

denote the contribution to theith measurement of thejth basis function. Using

this notation, the traditional ART algorithm is described by the iterations:

c(0) is arbitrary (often the zero vector),

c(n+1)
j = c(n)

j +λ(n) yi−∑N
k=1ai,kc(n)

k

∑N
k=1a2

i,k
ai, j for 1≤ i ≤ I , n = 0,1, . . . ,

(3.3)

wherei = n modI +1 andλ(n) is a relaxation parameter such that 0.0< λ(n) < 2.0.

The relaxation parametersλ(n) control the amount by which the estimatec(n) is

updated in an iterative step, with values closer to 1.0 making the algorithm fit the

individual measurement better than when using values closer to 0.0 (or 2.0). The

algorithm consists of two basic steps, the forward projection∑N
k=1ai,kc

(n)
k (also

represented as
〈

aT
i ,c(n)

〉
) that computes the value of a single measurement for the

current estimate and the backprojection step, in which the difference between the

value of the measurement (yi) and the value computed in the forward projection is

used to update the estimate subject to the value of the relaxation parameterλ(n).

Although this algorithm has a mathematically well-defined limiting behavior [39],

in practice, due to computational costs we tend to run it for only a few cycles,

where acycleis defined a sequence ofI iterations.

A geometric interpretation of ART can be seen in Figure 3.3. Each equa-

tion can be interpreted as a hyperplane and the relaxation parameterλ(n) controls

how close to the hyperplane the current estimate is perpendicularly projected; for

0 < λ(n) < 1 the next estimate stays on the same side of the hyperplane and it
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Figure 3.3: Geometric interpretation of ART. Note how using the measurements
“in order” (blue) converges at a much slower rate to the solution of a consistent
system of equations than if the measurements are ordered so that consecutive mea-
surements are almost orthogonal (red). In both examples the relaxation parameter
is 1.
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gets closer to it as the value ofλ(n) increases, while it is on the other side of the

hyperplane if 1< λ(n) < 2 and, in this case, larger values cause the next estimate

to be further away from the hyperplane. We can also see in Figure 3.3 that the

order in which the projection data are used in the iterations (3.3) affects the con-

vergence of the estimates, a careful choice ordering (red) results in a much faster

convergence than a simple “sequential” ordering (blue). It was pointed out in [45]

that the ideal useful ordering is one in which the vectorai associated with the cur-

rent measurement is as orthogonal as possible to the subspaces generated by the

vectors associated with recently used measurements.

As shown in (3.3), the core procedure of ART consists of tracing the rays to

calculate their current accumulated values (forward projection), and distributing

the appropriate correction back to the basis functions intersected by the rays (back-

projection). This can be implemented without any data interpolation. In fact, the

same ART algorithm can be used for reconstructing images from data acquired on

systems with different geometries, as long as the tracing of the rays correspond

to the locations of the measured rays. Moreover, the same ART algorithm can

be used with different reconstruction grids, such as the face-centered cubic grid

(fcc) or the body-centered cubic grid (bcc), provided that the new geometrical

arrangement of basis functions is correctly incorporated into the ray tracing.
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3.4.2 Block-ART

In [44], we suggest the use of block-ART algorithms, whose convergence behavior

is analyzed in [23]1, to reconstruct from helical cone-beam data by solving (3.2).

As opposed to ART, in block-ART the projection data are divided into blocks with

the forward projection of the rays belonging to a block performed before any back-

projection (update), which is now done for a block after all forward projections for

it have been computed. Here we use the notation of [23] to describe the algorithm,

and soM denotes the number of blocks andL denotes the number of measured

rays in a single block (I = LM). The general block-ART algorithms is given by:

c(0) is arbitrary (often the zero vector),

c(n+1) = c(n) +AT
i Σ(n)

(
Yi−Aic(n)

)
, n = 0,1, . . . ,

(3.4)

wherei = n modM +1, Σ(n) is anL×L relaxation matrix,Yi is theL-dimensional

vector of those measurements that form theith block, andAi is the corresponding

submatrix ofA. We defineBi as the number of cone-beams in a single block.

One of the ideas proposed in [44] is to compute an additional weighting of

the updates in the block-ART algorithm in such a way that, roughly speaking,

from the projection data of a uniform object we get a uniform reconstruction. A

mathematically precise formulation of this aim is: we desire that, for 1≤ i ≤M,

if Yi = Aie, wheree is a vector where all entries are the same, andc(n) is the

zero vector, then all entries ofc(n+1) are the same. One way to achieve this is by

1The theory presented in [23] is general in the sense that it covers all kinds of block groupings,
even fully simultaneous algorithmic schemes, in which all rays are grouped into a single block at
each iteration.
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introducing in (3.4) a second (N×N) relaxation matrix∆(n) in front of theAT
i that

will enforce a component-dependent weighting. Assuming thatΣ(n) is a diagonal

matrix with identical entries, then we can representΣ(n) asλ(n) (whereλ(n)is a

relaxation parameter) times the identity matrix in front of∆(n)and (3.4) becomes

c(0) is arbitrary (often the zero vector),

c(n+1) = c(n) +λ(n)∆(n)AT
i

(
Yi−Aic(n)

)
, n = 0,1, . . . ,

(3.5)

wherei = n modM +1.

Let Di = AT
i Aie, then the value of thejth component ofDi is the sum over all

lines in the block of the line integral through thejth blob multiplied by the sum

of the line integrals through all the blobs. Then, to achieve the aim mentioned we

define∆(n) to be a diagonal matrix whosejth entry is

1

∑L
l=1a[(i−1)L+l ], j

(
∑N

k=1a[(i−1)L+l ],k
) , (3.6)

i.e., inversely proportional to thejth component ofDi .

There is a theorem here: ifc(0) is uniform and∆(n) andeare defined as above,

thenc(n) is uniform for alln and the convergence to the correct value (e) is guar-

anteed if 0< λ(n) < 2. We can rewrite (3.5) as

c(n+1) = c(n) +λ(n)∆(n)AT
i Ai

(
e−c(n)

)
(

e−c(n+1)
)

=
(

1−λ(n)∆(n)AT
i Ai

)(
e−c(n)

)
,

(3.7)

so the fact thatc(n) is uniform given thatc(0) is also uniform comes from the defi-

nition of ∆(n) in terms ofDi , sincec(1) = c(0) + λ(n)
(

e−c(0)
)

. The convergence

of 3.7 is guaranteed because since 0< λ(n) < 2, then
(

1−λ(n)
)

< 1 and thus
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the absolute value of
(

e−c(n+1)
)

is less than or equal to the absolute value of(
e−c(n)

)
for all n > 0. In fact, the correct answer should be obtained using (3.7)

with λ(n) = 1 in one iteration step! However, this is only true ifY = Ae.

In order for this to work we have to ensure that the denominator of (3.6) is

not zero. This usually demands the forming of blocks that correspond to more

than one pulse of the X-ray source. The first results obtained by such block-ART

algorithms were published in [14].

3.5 Using Blobs as Basis Functions

Traditionally, reconstruction algorithms use cubic voxels as the basis functions,

i.e., cubes with value 1 inside and 0 outside. However, the nature of ART makes

possible the use of alternative basis functions for image reconstruction without

requiring substantial changes. Modified Kaiser-Bessel window functions (also

known asblobs), first proposed for image modeling in [63, 64], proved to be a

better choice of basis functions than cubic voxels in several iterative algorithm

implementations [69, 70, 71].

The main characteristics of blobs that make them attractive as basis functions

are:

1. Blobs are spatially localized.

2. Blobs are rotationally symmetric.
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3. Their Fourier transforms are effectively localized, i.e., they are almost band-

limited.2

4. There are analytical formulas for computing inn-dimensions their projec-

tions, Fourier Transforms, gradients and Laplacians (see [63]).

5. Blobs can be constructed to have any finite number of continuous deriva-

tives.

6. Blobs act as low-pass filters, suppressing high-frequency noise.

Since blobs are functions with rotational symmetry, they can be defined by a func-

tion of a single variable, the distancer from the origin, namely

bm,a,α(r) =


[√

1−(r/a)2
]m

Im(α) Im
[
α
√

1− (r/a)2
]
, if 0 ≤ r ≤ a,

0, otherwise,
(3.8)

whereIm denotes the modified Bessel function of orderm [118], a is the radius of

the support of the blob andα is a parameter controlling the shape of the blob. A

volume is then represented, as in (3.1), by a superposition ofN scaled and shifted

versions of the same blob. Figure 3.4 shows five profiles of blobs with the same

m (2) anda (2.0), but having different values ofα.

In this dissertation, as in the literature of image reconstruction using blobs

mentioned above, the parameterm is set to 2, i.e., the blobs used are differentiable

everywhere. However, the optimum values ofa andα are dependent on the image

2There are no functions whose support is bounded in both the spatial and the frequency domain.
However, the power of the Fourier transform of a blob is highly concentrated in the low-energy
region.
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Figure 3.4: Radial profiles of blobs with the same supporta (2.0) andm (2) but
different α values. The values forα, ordered from left to right, are 100.0, 40.0,
25.0, 10.44 and 3.68.

and data characteristics, as well as on the grid of the blob centers. One way to

select these parameters is described in [71], where the authors show a contour map

of the error when approximating a uniform 3D function using blobs as a function

of a and α. An implementation issue that has to be taken into account when

choosing the blob parameters is that increasing the support of the blob increases

the computational cost of the reconstruction.

Since blobs are rotationally-symmetric functions, the integral of a ray inter-

secting a blob can be defined as a function of the distance of the ray from the

center of the blob. This property of blobs can be used when producing com-

putationally efficient algorithms. In practice, the values of the integrals of rays

intersecting a blob are pre-calculated on a very fine sampling of the distance from
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its center (r) and stored in a lookup table, so that the computation of the integral of

the intersection between a ray and a blob is reduced to a memory access followed

by a scaling.

ART has been previously applied with success to reconstructing volumes from

Positron Emission Tomography (PET) [56] and Electron Microscopy (EM) [67]

data, with only one cycle through the data. However, there was no publication

reporting the use of ART for reconstructing helical cone-beam CT data until our

report of high-quality reconstructions of low-contrast objects was published in

[44]. There, we also proposed alternative approaches to parallelizing the algo-

rithm, as well as the use of block-ART algorithms for reconstructing from helical

cone-beam CT data.

In [69] the authors show that PET reconstructions obtained by ART using

some blobs as basis functions are significantly better than when the basis func-

tions are voxels. In [97] the authors refer to blobs as any rotationally symmetric

local basis function and investigate the use of various “blobs” such as the afore-

mentioned modified Kaiser-Bessel window function as well as linear ramp, trun-

cated Gaussian, Hanning function and cubic B-spline functions for reconstruction

in optical tomography and conclude that Hanning, B-splines and Kaiser-Bessel

window functions produce better results than the other investigated functions.
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3.6 Reconstruction Grids

Just as ART can be simply adapted to different basis functions, it can also be

simply adapted to different grids. Here we discuss three reconstruction grids: the

traditional cubic grid, to which we refer as the simple cubic (sc) grid, the face-

centered cubic (fcc) grid and the body-centered cubic (bcc) grid.

Using Z for the set of all integers andδ for a positive real number, we can

define the sc grid (Sδ), the fcc grid (Fδ) and the bcc grid (Bδ) as

Sδ = {(δc1,δc2,δc3) |c1,c2,c3 ∈ Z} , (3.9)

Fδ = {(δc1,δc2,δc3) |c1,c2,c3 ∈ Z andc1 +c2 +c3≡ 0(mod 2)} , (3.10)

Bδ = {(δc1,δc2,δc3) |c1,c2,c3 ∈ Z andc1≡ c2≡ c3(mod 2)} , (3.11)

whereδ denotes the grid spacing. From the definitions above, the fcc and bcc

grids can either be seen as one sc grid without some of their grid points or as a

union of shifted sc grids, four in the case of the fcc and two in the case of the bcc.

We now generalize the notion of a voxel to an arbitrary grid. LetG be any set

of points inR3, then theVoronoi neighborhoodof an elementg of G is defined as

NG(g) =
{

v∈ R3 |‖v−g‖ ≤ ‖v−h‖ , for all h∈G
}

. (3.12)

In Figure 3.5, we can see the sc, the fcc and the bcc grids and the Voronoi neigh-

borhoods of their front-lower-left grid point.

Why should one choose grids other than the ubiquitous simple cubic grid?

The reason comes from our goal to design an efficient iterative algorithm using
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Figure 3.5: The three grids with the Voronoi neighborhood of one of their grid
points. From left to right, the simple cubic (sc) grid, the face-centered cubic (fcc)
grid and the body-centered cubic (bcc) grid.

blobs. While the simple cubic grid is the natural grid for voxels (the Voronoi

neighborhoods of this grid are indeed voxels) that is not necessarily the case for

blobs, that are rotationally-symmetric functions. One approach that can be used

for finding more efficient reconstruction grids comes from crystallography, that

studies how atoms can be packed into periodic structures. It can be shown that

both the fcc (74.2%) and the bcc (67.8%) have a better packing efficiency than the

sc (52.3%), i.e., the percentage of the total space filled by the maximal spheres

fitting into the Voronoi neighborhoods of the fcc and the bcc grids are higher than

the one for the sc grid. It was shown in [70] that in order to choose an optimal (in

the sense of better approximating an object with constant value) combination of

parameters for blobs placed on the bcc grid one can select the sampling (δ) based

on the data resolution and compute the blob shape (α) given its support (a) from

α =
√

2(a/δ)2π2−6.9879322, (3.13)

wherea is selected so that the chosen blob provides an accurate reconstruction



CHAPTER 3. CONE-BEAM HELICAL CT 48

while keeping the computational requirements within reasonable limits that will

depend on the application. Using (3.13) enforces that the first zero-crossing of the

Fourier Transform of the blob occurs exactly at the grid sampling frequency.

Experiments performed in [70] showed that ART reconstructions of PET data

using blobs as basis functions produced similar results when using the sc grid or

the equivalent bcc grid, while the later required approximately 29% fewer grid

points to produce the results.

3.7 Experiments

In this section we show reconstructions using data acquired from two different

objects: the modified 3D Shepp-Logan phantom and a CT volume of a patient

that was prepared for a colonoscopy examination. We now give details of the first

of these.

The phantom is generated by adding the densities of twelve ellipsoids, result-

ing in an ellipsoid centered at the origin with a higher attenuating shell (density

2.0) enclosing objects (densities 1.00, 1.03 or 1.04) which have low-contrast be-

tween them and their background (density 1.02). All twelve ellipsoids are fully

contained inside a cube with edge size of 2 length units (l.u.). (This unit was

chosen to facilitate the comparison of results published here to results obtained

using other cone-beam helical CT reconstruction algorithms.) Table 3.1 describes

the ellipsoids that define the modified 3D Shepp-Logan phantom and Figure 3.6

shows a 3D view of it, where the ellipsoids rendered blue have smaller attenuation
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coefficients (1.0) than the background and the ellipsoids rendered red have higher

attenuation coefficients (1.03 or 1.04) than the background.

Data collected for the 3D Shepp-Logan phantom using two different instances

of the PI-geometry are used to evaluate the performance (in the absence or in

the presence of realistic simulated noise) of the ART and block-ART algorithms.

The reconstructions produced by both ART and block-ART are also compared

with the ones produced by the algorithm PI-original [20, 107], a fully 3D filtered

backprojection method that performs a rebinning of the data, followed by the pre-

weighting of the measurements (whose weights depend on their fan- and cone-

beam angles), 1D ramp filtering of the projection data and backprojection. This

algorithm was developed for the geometry shown in Figure 3.1, so its use to re-

construct from data collected on a different geometry would require the rebinning

of the projection data prior to its use.

3.7.1 Selecting the Blobs

We have decided to use a bcc grid withδbcc=
√

2/2δsc as the reconstruction grid,

where the underlying sc grid contains 128×128×128 voxels andδsc= 0.015625

l.u. (δbcc = 0.011049 l.u.), and fixedm= 2. Thus, there are only two parameters

(a andα) left to completely characterize the grid and basis functions to be used in

the reconstruction process.

In order to select the best values for the blob parametersa andα, we evaluated

blobs with various supportsa (between 1.2δsc and 3.6δsc) whoseαs were com-

puted using (3.13). The evaluation experiment consisted of assigning the value
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cx cy cz rx ry rz θ µ

0.0 0.0 0.0 0.69 0.9 0.92 0.0 2.0
0.0 0.0 −0.0184 0.6624 0.88 0.874 0.0 −0.98
−0.22 −0.25 0.0 0.41 0.21 0.016 72.0 −0.02
0.22 −0.25 0.0 0.31 0.22 0.011 −72.0 −0.02
0.0 −0.25 0.35 0.21 0.35 0.025 0.0 0.01
0.0 −0.25 0.1 0.046 0.046 0.046 0.0 0.01
−0.08 −0.25 −0.605 0.046 0.02 0.023 0.0 0.01
0.06 −0.25 −0.605 0.046 0.02 0.023 90.0 0.01
0.06 0.625 −0.105 0.056 0.1 0.04 90.0 0.02
0.0 0.625 0.1 0.056 0.1 0.056 0.0 −0.02
0.0 −0.25 −0.1 0.046 0.046 0.046 0.0 0.01
0.0 −0.25 −0.605 0.023 0.023 0.023 0.0 0.01

Table 3.1: Description of the ellipsoids that compose the modified 3D Shepp-
Logan phantom. The center of each ellipsoids is determined in length units (l.u.)
by (cx,cy,cz), their size is determined by the half-axesrx, ry andrz, with attenua-
tion coefficientµ and are rotatedθ degrees around they axis.

of the background inside the skull of the Shepp-Logan phantom to all blob coef-

ficients, i.e., settingc(0)
j = 1.02 for 1≤ j ≤ N, and executing ART for a maxi-

mum number of 25 iterations using the voxel values of a digitized version of the

phantom (averaged over 27 points equally spaced in each voxel) as the “measure-

ments” (i.e, theyi of (3.3)) and the relaxation parametersλ(n) = 0.1. In these

experiments, theai, j correspond to the integrals of the intersection between the

blob j with the voxel i. The “reconstructed” image indicates how well a spe-

cific blob (on the chosen grid) can approximate the Shepp-Logan phantom. The

optimal pair (a = 2.0δsc, α = 10.444) was chosen by comparing the sum of the

squares of the differences between the phantom and the fitted volumes (for all it-

erations) for the volume formed by selecting the phantom voxels whose value is
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Figure 3.6: View of the modified 3D Shepp-Logan phantom.

between 1.00 and 1.04 and then eroding this volume using a 3×3×3 cube as the

structuring element. (This volume has a total of 495,400 selected voxels.) Figure

3.7 shows anxz-slice (y = −0.25) of the phantom formed by 128× 128× 128

cubic voxels (whose edge lengths are 0.015625l.u.) and three fitted volumes us-

ing different blob parameters (including the one with the selected values). Since

the grid sampling of the sc grid of the phantom and the interpolated fitted vol-

umes isδsc = 0.015625 the grid sampling of the bcc grid of the blob volumes is

δbcc = 0.011049.

Another approach to selecting the blob parameters (that was not done here) is

to perform a simultaneous optimization ofa and the relaxation parameterλ(n) on

the noiseless data and select these parameters using some error measure, such as
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the one used above.

(a) Shepp-Logan Phantom (b)a = 1.5, α = 6.324

(c) a = 2.0, α = 10.444 (d)a = 3.5, α = 20.851

Figure 3.7:(x,z)-slice aty =−0.25 of the phantom (a) and three blob representa-
tions ((b), (c) and (d)). (Gray scale interval is[1.00,1.04].)

Figure 3.8 shows the profile of the 65th column (x = 0.01) of the three blob

representation´s slices shown in Figure 3.7 compared against the phantom. As

seen in Figure 3.8, the valuesa = 2.0δsc andα = 10.444 for the blobs used in

our reconstructions produced a better approximation of the phantom because they

approximated the background inside the skull of the phantom unlike the approxi-

mation produced when usinga= 1.5δscandα = 6.324, while they did not produce

an overshoot as big as the one present as the approximation produced when using
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Figure 3.8: Profiles forx = 0.01, y = −0.25 of representations using the blobs
(dotted line) defined bya = 1.5δsc, α = 6.324 (top row),a = 2.0δsc, α = 10.444
(middle row) anda = 3.5δsc, α = 20.851 (bottom row) compared with the phan-
tom (solid line).
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a = 3.5δsc andα = 20.851.

3.7.2 Noiseless Data

The data collection for the reconstructions presented in the next three experiments

was performed using the PI-geometry, shown in Figure 3.1. The data set used in

the reconstructions shown below was simulated using the software Take [76] over

2 full turns of the helix with a radius of 3 l.u., 300 projections (angles) per turn,

and a detector array with 64×128 detectors. The fan-beam angle range wasγ =

[−21.0◦,21.0◦], the cone-beam angle range wasκ = [−9.46◦,9.46◦], and the pitch

was 2 l.u. Each raysum was obtained by averaging over 4 equally-spaced raysums

over the detector area. The software Take has a restriction that the number of turns

performed by the X-ray source-detector pair has to be an integer, so even though

600 projections were simulated, only 2,538,896 rays from the 531 projections

that intersect the reconstruction volume were used.

The phantom used was the modified 3D Shepp-Logan phantom shown in Fig-

ure 3.6. First we reconstructed the data set using ART with various relaxation

parametersλ(n) within the range[0.01,0.1], and selectedλ(n) = 0.017 and the to-

tal number of cycles to be 10. The relaxation parameter and number of iterations

were selected by comparing the sums of the differences between the phantom and

the reconstructions for the voxels belonging to the volume defined by choosing

the phantom voxels whose value was between 1.00 and 1.04 and then eroding this

volume using a 3×3×3 cube as the structuring element. The combination that

yielded the lower error measure within a maximum number of cycles (15) was
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chosen. The block-ART relaxation parameterλ(n) = 0.11 and number of cycles

(13) were determined using the a similar approach but with the search forλ(n) be-

ing performed within the range[0.1,0.25]. (Note that the components of∆(n) act

as relaxation parameters, and thus the values searched forλ(n)in block-ART are

higher than in the standard ART case.) The blocks were organized by grouping

data from eight cone-beams 90◦ apart (Bi = 8) so that the denominator of (3.6)

is not zero. Thus the total number of measurements per block wasL = 65,536.

However, since the measurements of rays that do not intersect the reconstruction

volume are not used, the number the average number of used rays per block was

33,852.

In Figure 3.9 we show reconstructions obtained by running ART for 10 cycles

with λ(n) = 0.017 for the same blobs shown in Figure 3.7 to illustrate the effect of

using the skinnier or the wider blobs on the quality of the reconstructions. Figure

3.9 shows anxz-slice (y =−0.25) of the phantom (top left) and three reconstruc-

tions using the same blobs as in Figure 3.7. As expected, from what we have seen

in Figure 3.8, the reconstruction using the skinnier blob (a = 1.5δsc, α = 6.324)

displays severe artifacts while the one using the wider blob increased the over-

shoot close to the high attenuation enclosing shell. Figure 3.10 shows the profiles

of the 65th column (x = 0.01 , y = −0.25) of the reconstructed slices shown in

Figure 3.9.

In order to evaluate how the accuracy of reconstructions produced by the algo-

rithms described in this chapter is affected when reconstructing from helical CT

data acquired with a wider cone-beam, we applied the algorithms to reconstruct
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(a) Shepp-Logan Phantom (b)a = 1.5, α = 6.324

(c) a = 2.0, α = 10.444 (d)a = 3.5, α = 20.851

Figure 3.9:(x,z)-slice aty =−0.25 of the phantom (a) and reconstructions using
three different blobs ((b), (c) and (d)). (Gray scale interval is[1.00,1.04].)
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Figure 3.10: Profiles forx = 0.01, y = −0.25 of ART reconstructions using the
blobs (dotted lines) defined bya = 1.5δsc, α = 6.324 (top), a = 2.0δsc, α =
10.444 (middle) anda= 3.5δsc, α = 20.851 (bottom) compared with the phantom
(solid line).
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from data of the modified Shepp-Logan phantom of Figure 3.6 acquired for a dif-

ferent PI-geometry. We collect data using the same number of turns (2), views

per turn (300), helix radius (3), number of samples per detector (4) and fan-beam

angle range (γ = [−21.0◦,21.0◦]) as the ones used for the reconstructions shown

in Figure 3.9, but with a detector array with 128× 128 detectors, a pitch of 4

l.u. and a cone-beam angle rangeκ = [−18.43◦,18.43◦]. For this geometry, only

2,678,728 rays from the 371 projections that have rays that intersect the recon-

struction volume were used. The blocks were organized by grouping data from

eight cone-beams 90◦ apart (Bi = 8) so that the denominator of (3.6) is not zero.

The total number of measurements per block for this data set wasL = 131,072.

However, since the measurements of rays that do not intersect the reconstruction

volume are not used, the average number of used rays per block was 35,716.

Figure 3.11 shows anxz-slice (y =−0.25) reconstructions produced by ART,

block-ART and the PI-original algorithms from the data set used to produce the

reconstructions shown in Figure 3.9 (κmax= ±9.46◦) as well as for the noiseless

data set generated using the wider cone-beam angle (κmax=±18.43◦). The same

relaxation parameters and number of cycles were used for both ART and block-

ART for reconstructing from both data sets. We see that, for theκmax= ±9.46◦

data set, while the PI-original reconstruction produces less of an overshoot in the

background just inside the high attenuating shell than the ART and block-ART re-

constructions, it also displays some streaking in the background that is not present

in the ART and block-ART reconstructions. Figure 3.11 also shows that for ART

and block-ART the increase in the cone-beam angle range does not decrease the
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(a) (b)

(c) (d)

(e) (f)

Figure 3.11: ART (top row), block-ART (middle row) and PI-original (bottom
row) reconstructions of the Shepp-Logan phantom from noiseless cone-beam data
with κmax=±9.46◦ (left column) andκmax=±18.43◦(right column). (Gray scale
interval is[1.00,1.04].)
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Figure 3.12: Profiles forx = 0.01,y =−0.25 of the ART (top), block-ART (mid-
dle) and PI-original (bottom) reconstructions (dotted lines) from the data set with
κmax=±9.46◦ compared with the phantom (solid line).
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Figure 3.13: Profiles forx = 0.01,y =−0.25 of the ART (top), block-ART (mid-
dle) and PI-original (bottom) reconstructions (dotted lines) from the data set with
κmax=±18.43◦ compared with the phantom (solid line).
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quality of the reconstructions, as it happens for the 3D filtered backprojection

algorithm PI-original.

Figure 3.12 shows the profiles for the 65th column (x = 0.01 , y = −0.25)

of the reconstructions of the three algorithms from the noiseless data set with

κmax= ±9.46◦ while Figure 3.13 shows the profiles for the same column of the

reconstructions produced by the three algorithms from the noiseless data set with

κmax= ±18.43◦. If one is interested in the accuracy of the reconstructed values

and not only on the relative accuracy (a reconstruction that allows distinction be-

tween the objects) of these values then it is clear from Figures 3.12 and 3.13 that

the PI-original algorithm is not appropriate.

3.7.3 Noisy Synthetic Data

In order to evaluate the behavior of the algorithms when reconstructing from real

data, we corrupted the data sets used in the previous experiments with noise that

is similar to that of CT data collection.

The number of photons emitted by an X-ray source over a fixed period of time

is a Poisson random variable (ξ). Because the number of photons emitted is large

we can represent the distribution of this random variable as a normal distribution

with meanξ and standard deviation
√

ξ. We introduced three levels of noise by

setting the minimum expected number of detected photons at a single detector at

any projection to 500,000, 100,000 and 10,000. We then computed the expected

number of photons leaving the X-ray source (ξ) using (2.2). The values ofξ for

the minimum number of detected photons of 500,000, 100,000 and 10,000 were
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Noise ART Block-ART
Level λ(n) Cycles λ(n) Cycles

500,000 0.015 12 0.11 15
100,000 0.015 12 0.11 15
10,000 0.012 14 0.09 15

Table 3.2: Selected relaxation parameters and number of cycles for noisy data
sets.

3,275,967, 655,193 and 65,519, respectively, for the data set with cone-beam

rangeκ = [−9.46◦,9.46◦] and 3,304,030, 660,806 and 66,080, respectively, for

the data set with cone-beam rangeκ = [−18.43◦,18.43◦]. After the number of

photons emitted for each measurement was sampled from the corresponding nor-

mal distribution defined above, we simulated scattering by assigning 8% of the

total number of photons that would be detected without scattering amongst its

eight neighbors. The first results on reconstructing of helical wide cone-beam and

noisy data using ART and block-ART with blobs were first published in [12].

The relaxation parameter as well as the number of iterations for both ART and

block-ART in the reconstructions from noisy data that follows were determined

by reconstructing from training data sets for the three noise levels for the data set

with the smaller cone-beam. The selected values shown in Table 3.2. were used

for reconstructing both data sets for the three different noise levels.

Figure 3.14 shows the samexz-slice (y =−0.25) for reconstructions obtained

from ART, block-ART and PI-original for both data sets when the minimum ex-

pected number of detector photons is 500,000. Figure 3.15 shows the profiles

for the 65th column (x = 0.01 , y = −0.25) of the reconstructions of the three
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algorithms from the data set withκmax = ±9.46◦ when the minimum expected

number of detected photons is 500,000 while Figure 3.16 shows the profiles for

the same column of the reconstructions of the three algorithms from the data set

with κmax= ±18.43◦ obtained when the minimum expected number of detected

photons is 500,000. One can see by comparing Figures 3.12 and 3.15 and Fig-

ures 3.13 and 3.15 that the noise introduced in the data resulted in a bigger loss

of accuracy for the PI-original reconstruction than for the ART and block-ART

reconstructions.

Figure 3.17 shows the samexz-slice (y =−0.25) for reconstructions obtained

from ART, block-ART and PI-original from data sets when the minimum expected

number of detector photons is 100,000.

Figure 3.18 shows the profiles for the 65th column (x = 0.01 , y = −0.25) of

the reconstructions of the three algorithms from the data set withκmax= ±9.46◦

when the minimum expected number of detected photons is 100,000 while Figure

3.19 shows the profiles for the same column of the reconstructions of the three

algorithms from the data set withκmax = ±18.43◦ obtained when the minimum

expected number of detected photons is 100,000. Once again, if we compare

Figures 3.12 and 3.18 and Figures 3.13 and 3.19 we can see greater variations in

the profile for the PI-original reconstruction than in the reconstructions produced

by ART and block-ART.

Figure 3.20 shows the samexz-slice (y =−0.25) for reconstructions obtained

from ART, block-ART and PI-original for both data sets when the minimum ex-

pected number of detector photons is 10,000. For this noise level the small objects
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(a) (b)

(d) (e)

(g) (h)

Figure 3.14: ART (top row), block-ART (middle row) and PI-original (bottom
column) reconstructions of the Shepp-Logan phantom from noisy cone-beam data
sets withκmax=±9.46◦ (left column) andκmax=±18.43 (left column) corrupted
by different noise levels. The minimum expected number of detected photons for
both data sets is 500,000. (Gray scale interval is[1.00,1.04].)



CHAPTER 3. CONE-BEAM HELICAL CT 66

Figure 3.15: Profiles forx = 0.01,y =−0.25 of the ART (top), block-ART (mid-
dle) and PI-original (bottom) reconstructions (dotted lines) from the data set with
κmax=±9.46◦ and minimum photon count of 500,000, compared with the phan-
tom (solid line).
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Figure 3.16: Profiles forx = 0.01,y =−0.25 of the ART (top), block-ART (mid-
dle) and PI-original (bottom) reconstructions (dotted lines) from the data set with
κmax=±18.43◦ and minimum photon count of 500,000, compared with the phan-
tom (solid line).
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(a) (b)

(d) (e)

(g) (h)

Figure 3.17: ART (top row), block-ART (middle row) and PI-original (bottom
column) reconstructions of the Shepp-Logan phantom from noisy cone-beam data
sets withκmax=±9.46◦ (left column) andκmax=±18.43 (left column) corrupted
by different noise levels. The minimum expected number of detected photons for
both data sets is 100,000. (Gray scale interval is[1.00,1.04].)
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Figure 3.18: Profiles forx = 0.01,y =−0.25 of the ART (top), block-ART (mid-
dle) and PI-original (bottom) reconstructions (dotted lines) from the data set with
κmax=±9.46◦ and minimum photon count of 100,000, compared with the phan-
tom (solid line).
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Figure 3.19: Profiles forx = 0.01,y =−0.25 of the ART (top), block-ART (mid-
dle) and PI-original (bottom) reconstructions (dotted lines) from the data set with
κmax=±18.43◦ and minimum photon count of 100,000, compared with the phan-
tom (solid line).
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(a) (b)

(d) (e)

(g) (h)

Figure 3.20: ART (top row), block-ART (middle row) and PI-original (bottom
column) reconstructions of the Shepp-Logan phantom from noisy cone-beam data
sets withκmax=±9.46◦ (left column) andκmax=±18.43 (left column) corrupted
by different noise levels. The minimum expected number of detected photons for
both data sets is 10,000. (Gray scale interval is[1.00,1.04].)
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Figure 3.21: Profiles forx = 0.01,y =−0.25 of the ART (top), block-ART (mid-
dle) and PI-original (bottom) reconstructions (dotted lines) from the data set with
κmax= ±9.46◦ and minimum photon count of 10,000, compared with the phan-
tom (solid line).
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Figure 3.22: Profiles forx = 0.01,y =−0.25 of the ART (top), block-ART (mid-
dle) and PI-original (bottom) reconstructions (dotted lines) from the data set with
κmax=±18.43◦ and minimum photon count of 10,000, compared with the phan-
tom (solid line).



CHAPTER 3. CONE-BEAM HELICAL CT 74

in the lower part of the phantom are not visible anymore in the reconstructions and

the PI-original reconstructions are much more affected by the noise than the ART

and block-ART reconstructions. This was expected since we are using blobs (that

act as low-pass filters) and because the filtering in FBP algorithms approximates

a derivative followed by a Hilbert transform (2.6), and is thus more sensitive to

noisy data. This points out to the applicability of ART and block-ART to re-

constructing from low-dose cone-beam helical CT data. Figure 3.21 shows the

profiles for the 65th (x = 0.01 , y = −0.25) column of the reconstructions of the

three algorithms from the data set withκmax = ±9.46◦ when the minimum ex-

pected number of detected photons is 10,000 while Figure 3.22 shows the profiles

for the same column of the reconstructions of the three algorithms from the data

set withκmax = ±18.43◦ obtained when the minimum expected number of de-

tected photons is 10,000. Figures and 3.21 and 3.22 show how much more the

PI-original reconstructions are affected by the noisy data than the ART and block-

ART reconstructions.

Table 3.3 shows the sums of the squared errors for the same 495,400 voxels

that were used to select the optimal blob and relaxation parameters. Note that ART

produces reconstructions with smaller errors than block-ART and PI-original for

both data sets for all noise levels, but specially for the data set with the larger

cone-beam. Meanwhile, the block-ART reconstructions from the data set with

the smaller cone-beam for noiseless data have a larger error than the PI-original

reconstructions with the exception of the data set with the highest noise level.

The block-ART reconstructions for the data set collected using the larger cone-
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Data Set Noise Level ART Block-ART PI-Original

Noiseless 5.9445 8.0659 6.1619
500,000 5.3970 6.9123 5.5857κmax=±9.46◦
100,000 5.8813 7.6975 7.5595
10,000 10.9623 15.1847 29.8272

Noiseless 5.6163 7.5158 109.0208
500,000 5.0646 6.5132 104.5564κmax=±18.43◦
100,000 5.5317 7.2551 106.2343
10,000 10.7806 15.3207 125.6405

Table 3.3: Sum of squared errors of the reconstructions to the modified 3D Shepp-
Logan phantom for voxels inside the “skull”. (The numbers 500,000, 100,000 and
10,000 represent the minimum expected number of detected photons at a single
detector for a data set.)

beam have smaller errors than their correspondent PI-original reconstructions. It

was observed that most of the error present in the block-ART reconstructions are

located on the high-frequency border close to the “skull”. This is the reason why

the block-ART reconstructions may appear more accurate in the profiles shown

on Figures 3.12, 3.15, 3.18 and 3.21; this accuracy is not reflected by the sums of

square errors that are strongly influenced by the overshoot.

3.7.4 Reconstructing from a Virtual Colonoscopy Data Set

For the experiment that we are going to follow throughout this dissertation we

generated a cone-beam helical CT data set for the PI-geometry from a CT virtual

colonoscopy data set (a volume with 256×256×140 voxels of size 2mm×2mm×

3mm) as the phantom. The data were simulated (once again using Take) over 2

full turns of a helix of radius 768mmwith 500 views per turn, and a detector array
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of 128× 256 detectors. (Take computes the average density along a ray inside

a rectangular area using tri-linear interpolation.) The fan-beam angle range was

γ = [−21.0◦,21.0◦], the cone-beam angle range wasκ = [−9.46◦,9.46◦], and the

pitch was 512mm. Each measurement was obtained by averaging over 4 equally

spaced rays over the detector area. No noise was introduced in the simulated

projection data.

We executed ART and block-ART using the same relaxation parameters as in

the noiseless 3D Shepp-Logan phantom experiments, i.e., we executed ART for

10 cycles withλ(n) = 0.017 and block-ART for 13 cycles withλ(n) = 0.11. The

blocks were organized by grouping data from ten cone-beams 72◦ apart (Bi = 10),

so that the denominator of (3.6) is not zero. Figure 3.23 shows an axial slice

of the phantom and of the PI-original, ART and block-ART reconstructions. We

can see that in ART and block-ART some blurring was introduced but the overall

quality of the reconstructions is good. On the other hand, considerable artifacts

are present in the PI-original reconstruction, specially in some areas close to bone.

Figure 3.24 shows another axial slice of the phantom and of the PI-original,

ART and block-ART reconstructions. The blurring of small features in the ART

and block-ART reconstructions is visible once more while there are some artifacts

prominent in the top part of the PI-original reconstruction.

Figure 3.25 shows two coronal slices of the same phantom and the PI-original,

ART and block-ART reconstructions, while Figure 3.26 shows two sagital slices

of the same phantom and the PI-original, ART and block-ART reconstructions.

We can see in Figures 3.23, 3.24, 3.25 and 3.26 that both the ART and block-
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Figure 3.23: An axial slice of the phantom (top left), and the corresponding slices
of the PI-original reconstruction (top right) ART reconstruction (bottom left) after
10 cycles and the block-ART reconstruction (bottom right) after 12 cycles. (Gray
scale interval is[300,1200].)
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Figure 3.24: An axial slice of the phantom (top left), and the corresponding slices
of the PI-original reconstruction (top right) ART reconstruction (bottom left) after
10 cycles and the block-ART reconstruction (bottom right) after 12 cycles. (Gray
scale interval is[300,1200].)



CHAPTER 3. CONE-BEAM HELICAL CT 79

Figure 3.25: Two coronal slices of the phantom (top row), and the corresponding
slices of the PI-original reconstruction (second row) ART reconstruction (third
row) after 10 cycles and the block-ART reconstruction (bottom row) after 12 cy-
cles. (Gray scale interval is[300,1200].)
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Figure 3.26: Two sagital slices of the phantom (top row), and the corresponding
slices of the PI-original reconstruction (second row) ART reconstruction (third
row) after 10 cycles and the block-ART reconstruction (bottom right) after 12
cycles. (Gray scale interval is[300,1200].)
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ART reconstructions have a good overall quality even though some small features

have been blurred out. In fact, most of these small features are present in the

reconstructions but have smaller values than the original ones, and thus are not

visible using the selected gray scale interval. We can also see from these figures

that the PI-original reconstructions show streak artifacts that are more noticeable

in Figures 3.25 and 3.26.

3.8 Summary

In this chapter we proposed the use of ART, a iterative algorithm, for reconstruct-

ing from cone-beam helical CT data. We also investigated the use of a block-

iterative variant of ART, referred to as block-ART for reconstructing such data. In

order to implement the algorithms more efficiently and accurately we use blobs as

basis functions that are placed in the bcc grid.

The experiments shown in this chapter tell us that the accuracy of the recon-

structions of ART and block-ART are not affected by an increase in the cone-

beam angle when reconstructing the Shepp-Logan phantom, as opposed to the

PI-original algorithm. The experiments also indicate that ART produced more ac-

curate reconstructions when reconstructing from data sets corrupted by realistic

noise, suggesting its use when reconstructing from low dose data. The last exper-

iment shows that the ART and block-ART reconstructions of a data set generated

from a CT volume did not contain the severe artifacts present in the PI-original

reconstruction.



Chapter 4

Image and Volume Segmentation

Digital image segmentation is the process of assigning distinct labels to different

objects in an image. The level of detail indicated by the labeling is related to

the application at hand. To perform object identification in digital or continuous,

moving or still images, humans make use of high-level reasoning and knowledge,

as well as of different visual cues, such as shadowing, occlusion, parallax motion

and the relative size of objects. Aside from the difficulty of inserting this type

of reasoning into a computer program, the task of segmenting out an object from

its background in an image becomes particularly hard for a computer when, in-

stead of the brightness values, what distinguishes the object from the background

is some textural property, or when the image is corrupted by noise and/or inhomo-

geneous illumination.

Segmentation algorithms can be divided into three categories according to

their user-program interactivity: manual, semi-automatic and automatic. In man-

82
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ual algorithms, users can make use of some computer routines (e.g., drawing tools)

to isolate and segment one or more objects. In semi-automatic algorithms, users

usually select some points or areas that will be used to collect information for the

characterization of the objects to be segmented. Finally, the automatic algorithms

perform the whole segmentation process without any user intervention, usually

by obtaining all information necessary to perform the segmentation from prior

knowledge about the class of problems to which the segmentation at hand belongs

to.

Algorithms can be also be classified according to how they solve the segmenta-

tion problem. Point-based algorithms make a local decision about a point’s mem-

bership to an object. This decision can be based solely on the point’s brightness

value or on the brightness values of a small neighborhood surrounding the point.

A widely used and very simple point-based segmentation algorithm is threshold-

ing, where a user selects one or two brightness values that are interpreted as lower

and/or upper values of the brightness of the object to be segmented. Then, all pix-

els whose values are in the specified brightness range are considered to be part of

the object. It is easy to see that algorithms of this type are very sensitive to noise,

to inhomogeneous illumination and are not appropriate for segmenting textured

objects.

Edge-based segmentation algorithms usually work in two steps by first de-

tecting edges in the image and then grouping or linking them into boundaries of

objects based on the orientation of the edges and on prior knowledge regarding the

expected shape of objects. Common edge detection procedures include the use of
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gradient operators, Laplacians or the Canny edge detector [8], while edge linking

can be performed locally by searching small local pixel neighborhoods or globally

by making use of the Hough Transform [32], for example. Other edge-based seg-

mentation algorithms use active contour models, such as snakes [55] or balloons

[17]. Snakes are energy-minimizing splines guided by external constraint forces

and pushed by image forces (edges) toward image features, while balloons use

image forces to stop their inflated curve models on image features. There are also

global optimization algorithms [29, 47, 77] that segment images by minimizing

various energy functions defined in terms of pixel labels and prior knowledge.

Region-based algorithms are subdivided into region growing and split-and-

merge algorithms. Region growing algorithms, as the name suggests, start with

preselectedseedpoints forming the initial regions that grow according to some

predefined rules until the whole image is labeled. Split-and-merge algorithms

begin by subdividing an image into arbitrary disjoint regions, and then split and/or

merge them repeatedly until some preset conditions are satisfied. The methods of

balloons [17, 92] and level sets [66, 106] can also be considered region growing

methods since they make use of contour models that inflate from an initial position

to segment objects in a scene.

In this work we present a multiseeded fuzzy segmentation algorithm, which is

a greedy semi-automatic region growing algorithm based on the fuzzy segmenta-

tion algorithm of [112] but is capable of efficiently segmenting multiple objects

simultaneously.
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4.1 Fuzzy Segmentation

If what distinguishes objects in an image are not the exact values assigned to the

pixels but rather some textural property (as it is the case for images containing ran-

dom noise and/or shading), then fuzzy connectedness can be usefully employed

to achieve segmentation (see [11, 21, 73, 91, 94, 113] and their references). Fuzzy

connectedness was explicitly introduced by Rosenfeld [93], but it had been fore-

shadowed earlier (for example by the “Minimum Method” in [53]). Our approach

is based on that advocated in [112], but is generalized to arbitrary digital spaces

[40]. (A digital space is a pair(V,π), whereV is a set andπ is a symmetric binary

relation onV such thatV is connected underπ.)

Because of the nature of the applications that we have in mind, we refer to

elements ofV asspels, which is short forspatial elements[40]. The spels can

be pixels of an image (as in [11, 21, 73, 93, 94, 112, 113]), but they can also be

dots in the plane (as in [2, 122]), or any variety of other things. The theory and

algorithm presented here will be independent of the specifics of the application

area. They are in particular applicable to data clustering [52] in general and so

their range of usefulness goes far beyond just image segmentation and includes

such distant areas of endeavor as psychology [53] and statistics [35].

The basic concept that we are generalizing here is that of fuzzy connectedness.

To every ordered pair(c,d) of spels, we assign a real number not less than 0 and

not greater than 1, which is referred to as thefuzzy connectednessof c to d. This

indeed is an example of a fuzzy set (as it is normally defined in the literature
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[83]): the fuzzy set in question is “the set of connected pairs” and thegrade

of membershipof (c,d) in this set is the fuzzy connectedness ofc to d. In the

approach used below, fuzzy connectedness is defined in the following general

manner.

We call a sequence of spels achain; its links are the ordered pairs of consec-

utive spels in the sequence. The strength of a link is also a fuzzy concept (i.e.,

for every ordered pair(c,d) of spels, we assign a real number not less than 0 and

not greater than 1, which we define as thestrength of thelink from c to d). We

say that theψ-strengthof a link is the appropriate value of afuzzy spel affinity

function ψ : V2→ [0,1], i.e., a function that assigns a value between 0 and 1 to

every pair of spels inV. For example, if the set of spelsV is a finite set of dots

in the plane, we may define the strength of the link from one dot to another as

the reciprocal of the distance between them (we need to make the unit of distance

such that all distinct dots are at least one unit from each other). A setU(⊆V) is

said to beψ -connectedif, for every pair of spels inU , there is a chain inU of

positiveψ-strength from the first to the second spel of the pair. As we will see

later, for the purpose of fuzzy segmentation of images, the strength of any link of

one pixel to another can often be automatically defined based on statistical prop-

erties of the links within regions identified by the user as belonging to the object

of interest. A chain is formed by one or more links and theψ-strength of a chain

is theψ-strength of its weakest link; theψ-strength of a chain with only one spel

in it is 1 by definition.

We associate to the fuzzy affinity functionψ a fuzzy connectednessfunction
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µψ : V2→ [0,1] defined by

µψ(c,d) = max
<c(0),...,c(K)>∈VK+1

c(0)=c,c(K)=d

min
1≤k≤K

ψ(c(k−1),c(k)), (4.1)

i.e., theψ-strength of the strongest chain fromc to d. We then define theψ-

connectedness map fof a setV for a seed spelo as the picture formed by the

fuzzy connectedness values ofo to c ( f (c) = µψ(o,c)), for all c ∈ V. A hard

object Cis then defined on aψ-connectedness map by selecting a thresholdt and

associating withC all spelsc for which f (c) is above the threshold, i.e.,C= {c|c∈

V, f (c)≥ t}.

The algorithm proposed in [112] for obtaining a connectedness map uses the

concept of dynamic programming and has the characteristic that a single spel

can be put into a spel queueO (that holds the spels waiting to be considered in

the search for optimal chains) many times. This seemed to us an unnecessary

inefficacy. In [11] we investigated the use of so-calledgreedy algorithms[19] for

computing the fuzzy connectedness map. We observed that if we treat the setV

as a connected graph and we consider thecostof the arc(c,d) to be 1−ψ(c,d),

some of the graph algorithms for findingshortest pathscould be applied to this

problem. We showed that bothDijkstra’s andPrim’s algorithmscan be used for

computing the fuzzy connectedness map of an image faster than the previously

used dynamic programming algorithm. In the experiments reported in [11] we

achieved an average speedup of 8.2 times (over the algorithm of [112]) when using

Dijkstra’s or Prim’s Algorithms for computing the connectedness maps for a set

of images with the same size as the image shown in Figure 4.1 (|V|= 10,621).
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To obtain a version of Dijkstra’s algorithm for computing the fuzzy connect-

edness map we only have to make two changes to the original algorithm. First, we

makeO a set instead of a queue, and second, when we remove a spel fromO, we

remove the spel for whichf (d) is maximal (greedy step). If a spelc is already in

O it is not reinserted sinceO is now a set. This is the reason why this greedy al-

gorithm is more efficient than the dynamic programming algorithm, where a spel

can be inserted intoO many times. In order to implement efficiently the removal

of d with the maximalf (d), we make use of a priority queue, in our case a binary

heap, that maintains a partial ordering of the elements inO [19].

Figure 4.1: A mathematically defined image (top-left) on a hexagonal grid was
segmented using thresholding (top-right) and fuzzy segmentation (bottom row).
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Application to Image Segmentation

In order to apply the algorithms mentioned above to image segmentation, we have

to define the fuzzy spel affinityψ. Usually this is done by a computer program,

based on some minimal information supplied by a user [11, 40, 112].

In the example shown in Figure 4.1, a mathematically defined image on the

hexagonal grid (each element ofV is a hexagon and all of them are arranged on an

enclosing hexagon) with|V| = 10,621 was used and a user was asked to select a

seed that is located inside the object to be segmented. The object in question is the

rectangular region in the upper half of the image with slowly increasing intensity

from left to right.

The way the definition of the fuzzy spel affinity is done is based on the fact

that even though the user most likely will not be able to define mathematically

the characteristics of the object of interest, it is quite easy for him/her to select a

point belonging to it. The program will then compute some statistics based on the

neighborhood of the selected spel and uses these statistics to compute the fuzzy

spel affinityψ. We now make precise the methodology we used to achieve this.

For a gray-level imageV, we selectψ so that, forc 6= d,

ψ(c,d) =


[g1(I(c)+I(d))+g2(|I(c)−I(d)|)]

2 , if (c,d) ∈ π,

0, otherwise,
(4.2)

whereπ is the edge-adjacency for hexagonal grids,I(c) denotes the brightness of

the spelc, and fori ∈ 1,2,

gi(x) = e
− (x−mi )

2

2σ2
i . (4.3)
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The values formi andσi are computed using the spels located in the neighborhood

of the user-selected spel, i.e., alld∈V such that(c,d) ∈ π, wherec is the selected

spel. (In the hexagonal grid, the selected region in which these values are com-

puted is formed by seven spels, the selected seed spel and its six neighbors.) The

valuesm1 andσ1 are defined as the mean and standard deviation, respectively, of

I(c)+ I(d) over all adjacent spelsc andd in the selected region andm2 andσ2

are defined to be the mean and standard deviation, respectively, of|I(c)− I(d)|

over all adjacent spelsc andd in the selected region. This means that for any pair

(c,d) of adjacent spels, their fuzzy spel affinity will be large if bothI(c)+ I(d) and

|I(c)− I(d)| have values similar to the ones of the selected region. The definition

above reflects the fact that in many applications both the brightness of spels and

the difference between neighboring spels are important for distinguishing objects

in an image.

Figure 4.1 shows an example of an image that contains an object that cannot

be segmented by thresholding. The original image (top-left) is mathematically

defined and the object we want to segment is the horizontal stripe near the top

of the image. The image on the top-right is the result of thresholding the original

image at some level. Note that because of the brightness variation inside the object

that we wish to segment (the horizontal stripe near the top of the image) there is

no threshold level that can successfully segment it from the background. When

using the fuzzy segmentation algorithm, the user chooses a point belonging to

the object (the brightest point in the lower-left image) that is used to identify the

neighborhood over which information is collected regarding the characteristics
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of the object, to be used in (4.2) and (4.3). The resulting fuzzy spel affinityψ

is then used to produce the connectedness map showed in the lower-left image,

which is then thresholded to produce the successful final segmentation shown in

the lower-right image.

4.2 Multiseeded Fuzzy Segmentation

The idea behind multiseeded fuzzy segmentation is to generalize the approach

described in the previous section to multiple objects: each of the objects in the

image has its own definition of strength for the links and its own set of seed spels.

Each of the objects is then defined as the collection of those spels that are con-

nected entirely within the object to one of its own seed spels in a stronger way

than to any of the other seed spels. This intuitive notion will be made precise.

An essential feature of our approach is that it doesnot simply calculate, for every

spel, the grade of membership to each of the individual objects of that spel and

then assigns the spel to the object for which its grade of membership is maximal

(such an algorithm is discussed in [110]). The reason for this is that if a spel is

separated from the seed points of Object 1 by spels belonging to Object 2, then it

should not be assigned to Object 1. The gestalt that we are trying to capture here is

a segmentation in which the chains that determine “belonging to an object” must

lie entirely in that object.

A potentially time-consuming step in finding such objects is the calculation of

the multiple fuzzy connectedness of all the spels to the seed spels. We devised
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a greedy (and hence reasonably efficient [19]) algorithm that provides the de-

sired segmentation. We demonstrate its performance on various mathematically-

defined and physically obtained (real) images. The output of the process is a

segmentation into fuzzy sets in the classical sense ([83], p. 39) that, for each spel,

we also produce a “grade of membership” in the object(s) to which it belongs.

Similarly to the method presented in last section, we rely on the user of our

method to identify seed spels that definitely belong to the various objects into

which we desire to segment the images, and we suggest (as other advocates of

segmentation based on fuzzy connectedness have done before us) that the user-

selected seed spels can be used for automatic calculation of the definitions of the

strengths of links in each one of the objects. Since our choice implies that the

output of our algorithm is user-dependent, we report on experiments (in which

five users segmented five images, each five times) that validate the accuracy and

robustness of our approach.

4.2.1 Theory

For a positive integerM, anM-semisegmentationof a setV of spels is a function

σ that maps eachc∈V into an(M +1)-dimensional vectorσc = (σc
0,σ

c
1, · · · ,σc

M),

such thatσc
0 ∈ [0,1] (i.e., it is non negative but not greater than 1) and for at least

onem in the range 1≤m≤M σc
m = σc

0, and for all otherm it is either 0 orσc
0. We

say thatσ is anM-segmentationif, for every spelc, σc
0 is positive.

If there are multiple objects to be segmented, it is reasonable that each should

have its own fuzzy spel affinity. For images this idea is discussed in [110] and will



CHAPTER 4. IMAGE AND VOLUME SEGMENTATION 93

be further illustrated in the next section.

An M-fuzzy graphis a pair(V,Ψ), whereV is a nonempty finite set andΨ =

(ψ1, · · · ,ψM) with ψm (for 1 ≤ m≤ M) being a fuzzy spel affinity. Aseeded

M-fuzzy graph is a triple(V,Ψ,V ), where(V,Ψ) is anM-fuzzy graph andV =

(V1, · · · ,VM), whereVm⊆V, for 1≤m≤M.

A seededM-fuzzy graph isconnectableif

1. V is (min1≤m≤M ψm)-connected. (This is defined by(min1≤m≤M ψm)(c,d)

= min1≤m≤M ψm(c,d).)

2. Vm 6= /0 for at least onem, where 1≤m≤M.

For anM-semisegmentationσ of V and for 1≤m≤M, the chain〈c(0), · · · ,c(K)〉 is

said to be aσm-chain if σc(k)
m > 0, for 0≤ k≤ K. Furthermore, forU ⊆V, W⊆V

andc∈V, we useµσ,m,U,W(c) to denote the maximalψm-strength of aσm-chain

in U from a spel inW to c. (This is 0 if there is no such chain.)

Theorem 4.1 If (V,Ψ,V ) is a seeded M-fuzzy graph then

(i) there exists an M-semisegmentationσ of V with the following property: for

every c∈V, if for 1≤ n≤M

sc
n =

 1, if c ∈Vn,

maxd∈V(min(µσ,n,V,Vn(d),ψn(d,c))), otherwise,
(4.4)

then for1≤m≤M

σc
m =

 sc
m, if sc

m≥ sc
n, for 1≤ n≤M,

0, otherwise.
(4.5)
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(ii) this M-semisegmentation is unique; and

(iii) it is an M-segmentation, provided that(V,Ψ,V ) is connectable.

σ  > 0

σ  > 0

σ  > 0

V

V

2

3

d

1
2

d

d

3

s
3

1
s

V1

σ  = ?
s
2

c

c
c

c

Figure 4.2: Illustration of the desirability of theM-segmentation whose existence
(and uniqueness) is guaranteed by Theorem 4.1.

Before discussing the validity of Theorem 4.1, let us discuss in less mathe-

matical terms what it says. The property stated in Theorem 4.1 is a reasonable

one, as we can see in Figure 4.2. Letc be an arbitrary spel and suppose thatσd is
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known for all other spelsd. Then, for 1≤ n≤M (M = 3 in Figure 4.2), thesc
n of

(4.4) is the maximalψn-strength of a chain〈d(0), . . . ,d(L),c〉 from a seed spel in

Vn to c such thatσd(l)
n > 0 (i.e.,d(l) belongs to thenth object), for 0≤ l ≤ L. (sc

n

is defined to be 0 if there is no such chain.) Intuitively, themth object (the red,

green or blue object) can “claim” thatc belongs to it if, and only if,sc
m is maximal.

This is indeed how things get sorted out in (4.5):σc
m has a positive value only for

such objects. Furthermore, this is a localized property in the following sense: for

a fixed spelc we can work out the values of thesc
n using (4.4) and what we re-

quest is that, at that spelc, (4.5) be satisfied. What Theorem 4.1 says that there is

one, and only one,M-semisegmentation that satisfies this property simultaneously

everywhere, and that thisM-semisegmentation is in fact anM-segmentation.

Now we illustrate the Theorem 4.1 for the 2-fuzzy graph
(
V,Ψ

)
defined by

V = {(−1),(0),(1)} andΨ = (ψ1,ψ2), whereψ1 andψ2 are the reflexive and

symmetric (even though we do not have to be restrict ourselves to functions of this

type) fuzzy affinity functions defined by the additional conditionsψ1((−1),(0)) =

0.5, ψ1((0),(1)) = 0.25 andψ1((−1),(1)) = 0, andψ2((−1),(0)) = 0.5, ψ2((0),

(1)) = 0.5 andψ2((−1),(1)) = 0. If we choose the sets of seed spels to beV1 =

{(0)} andV2 = {(−1)}, then the 2-segmentationσ of V that satisfies Theorem

4.1 is given byσ(−1) = (1,0,1), σ(0) = (1,1,0) andσ(1) = (0.25,0.25,0). To test

this suppose, for example, that we have been informed thatσ(−1) = (1,0,1) and

σ(0) = (1,1,0) and we wish to use the Theorem 4.1 to determineσ(1). We find that

s(1)
1 = 0.25 (obtained by the choiced = (0)) ands(1)

2 = 0 (if we choose in (4.4)d

to be (−1), thenψ2((−1),(1)) = 0, if we choose it to be (0), thenµσ,2,V,V1
(0) = 0
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since there is noσ2-chain containing (0), due to the fact thatσ(0)
2 = 0). Hence (4.5)

tells us that indeedσ(1) = (0.25,0.25,0). Note that there is a chain〈(−1),(0),(1)〉

of ψ2-strength 0.5 from the only seed spel of Object 2 to (1), while the maximal

ψ1-strength of any chain from the only seed spel of Object 1 to (1) is only 0.25;

nevertheless, (1) is assigned to Object 1 by Theorem 4.1, since the fact that (0) is

a seed spel of Object 1 prevents it (for the givenΨ) from being also in Object 2,

and so the chain〈(−1),(0),(1)〉 is “blocked” from being aσ2-chain.

An intuitive picture of the inductive definition of theM-semisegmentation of

Theorem 4.1 is given by the following description of a military exercise. There

areM armies (one corresponding to each object) competing for the control ofN

castles that are connected by one-way roads between them. Initially all armies

have full strength and they occupy their respective castles (seed spels). All armies

try to increase their respective territories, but the moving from a castle to another

one reduces the strength of the soldiers to the minimum of their strength at the

previous castle and the affinity (for that army or object) of the road connecting the

castles. The affinities of the roads for the various armies are fixed for the duration

of the exercise.

All through the exercise each castle will have have astrengthassigned to it,

this strength is a real value in the range[0,1]. The strength of a castle may increase

as the exercise proceeds. Also, at any time, each castle may be occupied by one

or more of the armies.

The objective of the exercise is to see how the final configuration of occupied

castles depends on the initial castle assignment to the various armies. Since we
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are describing an algorithm here, the individual armies have to follow fixed rules

of engagement, which are the following.

The exercise starts by distributing the soldiers of the armies into some of the

castles and assigning to those castles that have soldiers in them the strength 1. We

say that this distribution of armies and strengths describes the situation at the start

of Iteration 1. At any given time, a castle will be occupied by the soldiers of the

armies that were not weaker than any other soldiers who reached that castle by

that time.

The exercise proceeds in discrete iterative steps and the total number of iter-

ations (NI) is determined by the number of distinct affinity values for all armies

and roads. These values are put into a strictly decreasing order and the strength of

the iterationi (IS(i)) is defined as theith number of this sequence. The following

gets done during Iterationi. Those soldiers (and only those soldiers) that occupy

a castle of strengthIS(i) will try to increase the territory occupied by their army.

They will send units from their castle toward all the other castles. When these

units arrive at another castle, theirpowerwill be defined as the minimum ofIS(i)

and the affinity for their army of the road from the originally occupied castle to

the new one. If the strength of the new castle is greater than the power of any of

the armies arriving at it, its strength and occupancy will not change. If no arriving

army has greater power than the strength of the new castle, then the strength of the

new castle does not change, but it will get occupied also by those arriving armies

whose power matches that strength (but not by any of the others). If some of the

arriving armies have greater power than the strength of the castle, then the castle
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will be taken over by those (and only those) arriving armies that have the great-

est power, and the strength of the castle is set to the power of the new occupiers.

This describes what happens in one iterative step except for one detail: if an army

gets to occupy a new castle because its power isIS(i) (this can only happen if the

affinity for this army of the road to this castle is at leastIS(i)), then that army is

allowed to send out units from this new castle as well. (This cannot lead to an

infinite loop, since there are only finitely many castles and so it can only happen

finitely many times that an army gets to occupy anewcastle because its power is

IS(i).)

The exercise stops at the end of IterationNI. The output of the exercise pro-

vides, for each castle, the strength of the castle and the armies that occupy it at the

end of the exercise.

Proof of Theorem 4.1(i)

In this existence proof (first published in [13]) we provide an inductive defi-

nition that resembles both the description above and the actual algorithm that is

described later on. However, this inductive definition is not strictly identical to

the algorithm since it was designed to make our proof simple, while the algorithm

was designed to be efficient.

Let R = {1}∪ {ψm(c,d) > 0|1≤m≤M, c,d ∈V}. R is a finite set of real

numbers from(0,1], and so its elements can be put into a strictly decreasing

order 1= 1r > 2r > · · · > |R|r > 0. We define inductively a sequence ofM-

semisegmentations1σ, 2σ, · · · |R|σ and a sequence1U, · · · , |R|U of subsets ofV as
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follows.

For anyc∈V and 1≤m≤M,

1σc
m=

 1, if there is a chain ofψm-strength 1 from a seed inVm to c,

0, otherwise.
(4.6)

(Here, and later, the definition ofiσc
0 implicitly follows from the fact thatiσ is an

M-semisegmentation.)

For 1≤ i ≤ |R|, we define

iU =
{

c| iσc
0≥ ir

}
. (4.7)

For 1< i ≤ |R|, c∈V and 1≤m≤M, we define

iσc
m=



(i−1)σc
m, if c∈ (i−1)U,

ir, if there is a chain
〈

c(0), · · · ,c(K)
〉

of ψm-strength

ir such thatc(0) ∈ (i−1)U, (i−1)σc(0)
m > 0,

c(K) = c and, for 1≤ k≤ K, c(k) /∈ (i−1)U,

0, otherwise.

(4.8)

It is obvious from these definitions thatiσ is anM-semisegmentation, for 1≤ i

≤ |R|.

We now demonstrate the definitions on the 2-fuzzy graph
(
V,Ψ

)
discussed

above with the setsV1 = {(0)} andV2 = {(−1)}. For this caseR= {1, 0.5, 0.25}.

It immediately follows from (4.6) that1σ(−1) = (1, 0, 1), 1σ(0) = (1, 1, 0), and

1σ(1) = (0, 0, 0). It turns out that2σ = 1σ. This is because1U = {(−1), (0)}, and

there are no chains starting at either of these spels which satisfy all the conditions
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listed in the second line of (4.8). On the other hand, the chain〈(0), (1)〉 can be

used to generate3σ, which is in fact the 2-segmentation specified by the condition

of Theorem 4.1. This is not an accident, we are now going to prove that in general

the |R|σ defined by (4.6) and (4.8) satisfies the property stated in Theorem 4.1(i).

It clearly follows from the definitions (4.6) and (4.8) that, forc∈V and 1≤

m≤M, |R|σc
m∈R∪{0}. Furthermore, it is also not difficult to see, for 1< i ≤ |R|,

that if c∈ iU , theniσc
m = |R|σc

m, and that

iU =
{

c| |R|σc
0≥ ir

}
. (4.9)

From these we have the following two properties of theM-semisegmentation|R|σ.

A. For c ∈ V and 1≤ m≤ M, |R|σc
m = 1 if, and only if, there is a chain

of ψm-strength 1 from a seed inVm to c.

B. For c∈V, 1≤m≤M, and 2≤ i ≤ |R|, |R|σc
m = ir if, and only if, there is a

chain
〈

c(0), · · · ,c(K)
〉

of ψm-strengthir such thatc(0) ∈ (i−1)U, |R|σc(0)
m > 0,

c(K) = c and, for 1≤ k≤ K, c(k) /∈ (i−1)U .

Let c,d ∈ V. We say that(c,d) is consistentif, for 1 ≤ m≤ M, |R|σc
m = |R|σc

0

implies that one of the following is true:

|R|σd
0 > min

(
|R|σc

0, ψm(c,d)
)

; (4.10)

|R|σd
0 = min

(
|R|σc

0, ψm(c,d)
)

and|R|σd
m = |R|σd

0. (4.11)

We now show that, for allc,d ∈V, (c,d) is consistent.
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To do this, we assume that there is a(c,d) and anm such that|R|σc
m = |R|σc

0

and yet neither (4.10) nor (4.11) holds and show that this leads to a contradiction.

A consequence of our assumption is that at least one of the following must be the

case:

|R|σd
0 < min

(
|R|σc

0, ψm(c,d)
)

; (4.12)

|R|σd
0 = min

(
|R|σc

0, ψm(c,d)
)

and|R|σd
m 6=|R| σd

0. (4.13)

We may assume that|R|σc
0 > 0, for otherwise one of (4.10) or (4.11) clearly holds.

Hence|R|σc
m = |R|σc

0 = ir, for some 1≤ i ≤ |R|. From (4.12) and (4.13) it follows

that |R|σd
0 ≤ ir. It follows then from (4.9) that ifi ≥ 2, then neitherc nor d is in

(i−1)U.

If i = 1, then byA there is a chain ofψm-strength 1 from a seed inVm to c.

If i ≥ 2, then byB there is a chain
〈

c(0), · · · ,c(K)
〉

of ψm-strengthir such that

c(0) ∈ (i−1)U, |R|σc(0)
m > 0, c(K) = c and, for 1≤ k ≤ K, c(k) /∈ (i−1)U . In either

case, ifψm(c,d) ≥ ir, we can extend the chains without losing their just stated

properties tod, and thenA or B implies that|R|σd
m = ir. It follows that (4.11)

holds, a contradiction. So assume thatψm(c,d) = j r for some j > i. Since (4.12)

or (4.13) holds, we get thatd /∈ ( j−1)U . But c ∈ ( j−1)U , and so, applyingB to

the chain〈c,d〉, we get that|R|σd
m = j r. This implies that (4.11) holds. This final

contradiction completes our proof that, for allc,d ∈V, (c,d) is consistent.

Next we show that, for allc∈V and 1≤m≤M,

|R|σc
m = µ|R|σ,m,V,Vm

(c). (4.14)
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To simplify the notation, we use in this proofs to abbreviate|R|σc
m. Recall that

µ|R|σ,m,V,Vm
(c) denotes the maximalψm-strength of an|R|σm-chain from a seed in

Vm to c. Note that we can assume thats∈ R, for the alternative is thats= 0 in

which case there can be no|R|σm-chain that includesc and so that right hand side

of (4.14) is also 0 by definition. Our proof will be in two stages: first we show that

there is an|R|σm-chain from a seed inVm to c of ψm-strengths and then we show

that there is no|R|σm-chain from a seed inVm to c of ψm-strength greater thans.

To show the existence of an|R|σm-chain from a seed inVm to c of ψm-strength

s, we use an inductive argument. Ifs= 1r = 1, then the desired result is assured

by A. Now let i > 1 ands= ir. Assume that, for 1≤ j < i, whenever a speld

is such that|R|σd
m = j r, then there is an|R|σm-chain from a seed inVm to d of

ψm-strengthj r.

By B there is a chain
〈

c(0), · · · ,c(K)
〉

of ψm-strengths such thatc(0) ∈ (i−1)U,

|R|σc(0)
m > 0, c(K) = c and, for 1≤ k≤ K, c(k) /∈ (i−1)U . We are now going to show

that
〈

c(0), · · · ,c(K)
〉

is an|R|σm-chain by showing that, for 1≤ k≤ K, |R|σc(k)
m = s.

Otherwise, consider the smallestk≥ 1 that violates this equation. Then we have

that |R|σc(k−1)
m ≥ s and |R|σc(k)

m < s (recall thatc(k) /∈ (i−1)U). This combined with

the fact thatψ
(

c(k−1),c(k)
)
≥ s violates the consistency of

(
c(k−1),c(k)

)
. Since

c(0) ∈ (i−1)U and|R|σc(0)
m > 0, |R|σc(0)

m = j r for some 1≤ j < i and, by the induction

hypothesis, there is an|R|σm-chain from a seed inVm to c(0) of ψm-strengthj r > s.

Appending
〈

c(0), · · · ,c(K)
〉

to this chain we obtain|R|σm-chain from a seed inVm

to c of ψm-strengths.

Now we show that there is no|R|σm-chain from a seed inVm to c of ψm-
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strength greater thans. This is clearly so ifs= 1. Suppose now thats< 1 and

that
〈

c(0), · · · ,c(K)
〉

is an|R|σm-chain from a seed inVm of ψm-strengtht > s. We

now show that, for 0≤ k≤ K, |R|σc(k)
m ≥ t. From this it follows thatc(K) cannot be

c and we are done. Sincec(0) is a seed inVm, |R|σc(0)
m = 1≥ t. Fork > 0, induction

that makes use of the consistency of
(

c(k−1),c(k)
)

leads to the desired result.

To complete the proof thatσ = |R|σ satisfies the property stated in Theorem

4.1(i), consider (4.4) and (4.5). Letc∈V and 1≤m≤M. Consider first the case

whenσc
m > 0. By (4.14) we get thatsc

m = σc
m = σc

0. On the other hand, ifσc
m = 0,

thensc
m is defined by the second line of (4.4), with ad for whichσd

m > 0. If it were

the case thatsc
m≥ σc

0, then by (4.14) we would have that min
(
σd

0,ψm(d,c)
)
≥ σc

0.

By consistency (see (4.10) and (4.11) withc andd interchanged), this can only

happen ifσc
m = σc

0 = 0 andψm(d,c) = 0. So ifsc
m≥ σc

0, then it follows thatsc
m = 0.

Under all circumstances it therefore follows that if thesc
n are defined by (4.4), then

(4.5) is valid.�

Next we show that suchM-semisegmentation is unique. The following proof

was first published in [42].

Proof of Theorem 4.1(ii)

Suppose that there are two differentM-semisegmentationsσ andτ of V having

the stated property. We choose a spelc, such thatσc 6= τc, but for alld ∈V such

thatmax(σd
0,τ

d
0) > max(σc

0,τ
c
0), σd = τd. Without loss of generality, we assume

thatσc
0≥ τc

0, from which it follows that, for somem∈ {1, · · · ,M}, σc
m > τc

m(≥ 0)

and so, by (4.5),σc
m = sc

m andc 6∈ Vm. This implies that there exists aσm-chain
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〈d(0), · · · ,d(L)〉 in V of ψm-strength not less thanσc
m(> 0) such thatd(0) ∈Vm and

ψm(d(L),c)≥ σc
m. Next we show that〈d(0), · · · ,d(L)〉 is aτm-chain.

We need to show that, for 0≤ l ≤ L, τd(l)
m > 0. This is true for 0, sinced(0) ∈Vm.

Now assume that it is true forl −1 (1≤ l ≤ L). Since〈d(0), · · · ,d(l−1)〉 is aτm-

chain inV of ψm-strength at leastσc
m(> 0) from an element ofVm, we have that

µτ,m,V,Vm(d(l−1))≥ σc
m. Since we also know thatψm(d(l−1),d(l))≥ σc

m, we get that

td(l)
m ≥ σc

m (wheret is defined forτ ass is defined forσ in (4.4)). The only way

τd(l)
m could be 0, if there were ann∈ {1, · · · ,M} such thatmax(σd(l)

0 ,τd(l)

0 )≥ τd(l)

0 =

τd(l)
n = td(l)

n > td(l)
m ≥ σc

m = σc
0 = max(σc

0,τ
c
0). By the choice ofc, this would imply

thatσd(l)
= τd(l)

, which cannot be sinceσd(l)
m 6= 0.

From the facts that
〈

d(0), · · · ,d(L)
〉

is aτm-chain ofψm-strength not less than

σc
m and thatψm(d(L),c) ≥ σc

m, it follows thatτc
0 ≥ tc

m≥ σc
m = σc

0 ≥ τc
0, implying

that all the inequalities are in fact equalities. But thenσc
m = tc

m = τc
m, contradicting

σc
m > τc

m and thereby validating uniqueness.�

Finally we show that anyM-semisegmentation having the stated property is in

fact anM-segmentation. The following proof was also first published in [42].

Proof of Theorem 4.1(iii)

We observe that it is a consequence of (4.5) that, for any spelc ∈ V, σc
0 =

max1≤m≤M sc
m. Since we assume that the seededM-fuzzy graph(V,Ψ,V ) is con-

nectable, there exists a chain〈c(0), · · · ,c(K)〉 of positive(min1≤m≤M ψm)-strength

from a seed spel to an arbitrary spelc. We now show inductively that, for 0≤ k≤

K, σc(k)

0 > 0. This is clearly so fork= 0. Suppose now that it is so fork−1. Choose
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anm(1≤m≤M) such thatσc(k−1)

0 = σc(k−1)
m = sc(k−1)

m . Then there is aσm-chain

of positiveψm-strength from a spel inVm to c(k−1). Sinceψm(c(k−1),c(k)) > 0,

σc(k)

0 ≥ sc(k)
m > 0. �

4.2.2 Algorithm

Now, we present an algorithm that produces such segmentations. In designing

the algorithm we aimed at making it efficient: as is illustrated in the next section,

our implementation of it allowed us to find 3-segmentations of images with over

10,000 spels in approximately a tenth of a second.

As the algorithm proceeds, it maintains (and repeatedly changes) anM-semi-

segmentationσ. The claim is that at the time when the algorithm terminates,σ

satisfies the property of Theorem 4.1.

The algorithm makes use of a priority queueH of spelsc, with associated keys

σc
0 [19]. Such a priority queue has the property that the key of the spel at its head

is maximal (its value is denoted by Maximum-Key(H), which is defined to be 0

if H is empty). As the algorithm proceeds, each spel is inserted intoH exactly

once (using the operationH←H∪{c}) and is eventually removed fromH (using

the operation Remove-Max(H), which removes the spelc from the head of the

priority queue). At the time when a spelc is removed fromH, the vectorσc has

its final value. Spels are removed fromH in a non-increasing order of the final

value ofσc
0. We use the variablel to store the current value of Maximum-Key(H).

Algorithm 1 below shows a detailed specification using the conventions adopted

in [19].
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Algorithm 1: Multi-Object Fuzzy Segmentation.

1. for c∈V

2. do for m← 0 to M

3. do σc
m← 0

4. H← /0
5. for m← 1 to M

6. do Um←Vm

7. for c∈Um

8. do if σc
0 = 0 then H← H ∪{c}

9. σc
0← σc

m← 1

10. l ← 1

11. while l > 0

12. for m← 1 to M

13. do while Vm 6= /0
14. do remove a speld from Um

15. C←{c∈V |σc
m < min(l ,ψm(d,c)) and σc

0≤min(l ,ψm(d,c))}
16. while C 6= /0
17. do remove a spelc from C

18. t←min(l ,ψm(d,c))
19. if l = t and σc

m < l then Um←Um∪{c}
20. if σc

0 < t then

21. if σc
0 = 0 then H← H ∪{c}

22. for n← 1 to M

23. do σc
n← 0

24. σc
0← σc

m← t

25. while Maximum-Key(H) = l

26. Remove-Max(H)
27. l ←Maximum-Key(H)
28. for m← 1 to M

29. Um←{c∈ H |σc
m = l}
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The process is initialized (Steps 1-10) by first settingσc
m to 0, for each spelc

and 0≤m≤M. Then, for every seed spelc∈Vm, c is put intoH and bothσc
0 and

σc
m are set to 1. Following this,l is also set to 1. At the end of the initialization,

the following conditions are satisfied.

(i) σ is anM-semisegmentation ofV.

(ii) A spelc is in H if, and only if, 0< σc
0≤ l .

(iii) l = Maximum-Key(H).

(iv) For 1≤m≤M, Um = {c∈ H |σc
m = l}.

The initialization is followed by the main loop of the algorithm. At the beginning

of each execution of this loop, conditions (i) to (iv) above are satisfied. The main

loop is repeatedly performed for decreasing values ofl until l becomes 0, at which

time the algorithm terminates (Step 11). There are two parts to the main loop, each

of which has a very different function.

The first part of the main loop (Steps 12-24) is the essential part of the algo-

rithm. It is in here where we update our best guess so far of the final values of

the σc
m. A current value is replaced by a larger one if it is found that there is a

σm-chain from a seed spel inVm to c of ψm-strength greater than the old value

(the previously maximalψm-strength of the knownσm-chains of this kind) and it

is replaced by 0 if it is found that (for ann 6= m) there is aσn-chain from a seed

spel inVn to c of ψn-strength greater than the old value ofσc
m.

The purpose of the second part of the main loop (Steps 25-29) is to restore the

satisfaction of conditions (iii) and (iv) above for a new (smaller) value ofl .
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To help with the understanding of why this algorithm performs as desired, we

comment that just prior to entering its main loop (Steps 11-29), there are four

kinds of spels. There are those spelsd that have previously been put into and have

subsequently been removed fromH; for these spels not only does the vectorσd

has its final value, but also we have already put intoH (and possibly even have

already removed fromH) every spelc such thatψm(d,c) > 0, for at least onem.

(For spels of this first kind,σd
0 > l .) Secondly, there are the spelsd that are in at

least one of theUm; for these spels the vectorσd has its final value, but we may

not have yet put intoH every spelc such thatψm(d,c) > 0 for at least onem. (For

spels of this second kind,σd
0 = σd

m = l .) This will get done in the next execution of

Steps 13-21, while Steps 22-24 will insure that theσc get updated appropriately.

Consequently, the spelsc which are inH but not in any of theVm are those for

which there is aσm-chain (for the currentσ) from a seed spel in the initialVm to

c; for the rest of the spels (those which have not as yet been put intoH) there is

noσm-chain (for the currentσ) from a seed spel in the initialVm to c. (For spelsc

of these third and fourth kinds, 0< σc
0 < l andσc

0 = 0, respectively.)

One tricky aspect of the algorithm is that, as a result of Step 24, a spel of the

third kind may become a spel of the second kind and a spel of the fourth kind may

become a spel of the third (or even of the second) kind during the execution of

the main loop. That the description of the four kinds of spels remains as given

in the previous paragraph is insured by Steps 19 and 21. (Step 21 also insures

that condition (ii) stated above the algorithm remains satisfied. To see this, ob-

serve that Step 15 guarantees that ifc is put intoC, then 0< min(l ,ψm(d,c)) and



CHAPTER 4. IMAGE AND VOLUME SEGMENTATION 109

consequently thet defined in Step 18 and used in Step 24 is also positive. That

condition (i) stated above the algorithm remains satisfied is obvious from Steps

20-24.)

To prove that Algorithm 1 produces anM-segmentation satisfying the prop-

erty stated in Theorem 4.1 we have to show that it always terminates and that it

maintains and updates anM-semisegmentationσ that at the end of the execution

will be in fact anM-segmentation with the property stated in Theorem 4.1.

Lemma 4.2 If Algorithm 1 is executed with a seeded M-fuzzy graph(V,Ψ,V ) as

input, then it terminates.

If for all 1 ≤ m≤ M, Vm = /0, then the main loop (Steps 11-29) is executed

exactly once (without inserting or removing spels, or evaluating any fuzzy spel

affinity) with l being set to 0 in Step 27 (the condition to stop the execution of the

algorithm).

In Algorithm 1 a spelc is inserted intoH either in Step 8 or 21 if, and only if,

σc
0 = 0. Since the value ofσc

0can only increase (Steps 20 and 24),σc
0 is never set to

0 again, and thus, each spelc will only be inserted intoH at most once, resulting

into |V| spels being inserted intoH. Steps 25 and 26 remove fromH all spelsc

such thatσc
0 = l , decreasing the size ofH by at least 1. Since we have a finite

number of spels (|V|), the loop 11-29 always terminates, provided the inner loops

terminate as well. The inner loop formed by Steps 13 to 24 is executed∑M
m=1 |Um|

times, but we have to take into account the fact that|Um| can increase during the

execution of this loop (Step 19). However, since spels that were already removed
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from H cannot be put back intoUm (Steps 15-19) then this loop also terminates

sinceV is finite. The inner loop formed by Steps 16 to 24 also terminates since

C is finite and its size never increases. The inner loops of Steps 22-23 and 28-29

terminate sinceM is a finite number. Finally, the inner loop of Steps 25 and 26

terminates sinceH ⊆V, and so does the algorithm.�

Theorem 4.3 If Algorithm 1 is executed having as input a connectable seeded M-

fuzzy graph(V,Ψ,V ) then at terminationσc has the property defined in Theorem

4.1(i) for all spels c∈V.

We have to show that for each spelc∈V, the value ofσc at the time whenc is

removed fromH is the same one defined in (4.8) and that this equality holds until

the end of the execution.

During the initialization phase (Steps 1-10) all seed spels have their values set

and are put intoUm andH. During the first execution of the main loop (Steps 11-

24) a spelc is put intoUm for some 1≤m≤M in Step 19 if, and only if, there is

a σm-chain ofψm-strength 1 connecting a seed spel inVm to c. At the time when

Steps 25 and 26 are executed they remove fromH all spelsc such thatσc
0 = 1 and

thus, after the first iteration, the set of spels that were already removed fromH

(
⋃M

m=1Um) is the same as1U (4.7).

Now assume that the algorithm worked correctly up to iterationi−1. Then,

at the beginning of iterationi, l = j r for some j ≥ i since maybe not all elements

1r, · · · , ( j−1)r of R (that is arranged into a strictly decreasing order wherej r is its

jth largest element) were assigned to at least one spelc already removed fromH
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and, consequently, assigned tol . Then, at the end of the execution of the main

loop (Steps 11-24) we have three types of spels: the spelsc∈ ( j−1)U , the spelsc

such thatσc
0 = l and the spelsc such thatσc

0 < l . Spels of the first type (σc
0 > l )

are never changed since they are not put intoC (Step 15). Spels of the second type

are the ones put intoUm for some 1≤m≤M in Step 19, but they can only be put

into Um if, and only if, there is aσm-chain ofψm-strengthl connecting a spel in

( j−1)Um to c (Steps 19-24). Finally, spels of the third type do not have their final

values and remain inH. Steps 25 and 26 then remove fromH all spelsc such that

σc
0 = l (i.e., spels of the second type) and thus we have that

⋃M
m=1Um∪ ( j−1)U is

equal to thejU of (4.7).�

We complete this description with a brief discussion of our implementation of

Algorithm 1. As suggested in [19], we use a heap to implement the priority queue

H. This provides us with efficient implementations of the operations of insertion

into (H ← H ∪ c) and removal from (Remove-Max(H)) the priority queue, as

well as of Step 29. In applications it is typically the case that, for every speld,

there is a fixed number of spelsc such thatΣM
m=1ψm(d,c) > 0 and a list of all

suchc is inexpensive to produce. In such a case the cost of executing Step 15

becomes proportional to a constant (four, six or twelve in the examples shown in

Subsections 4.2.3 and 4.3.1) independent of the size ofV. UsingL to denote this

constant, the computational complexity of the Algorithm 1 is the following: since

each spel can belong to multiple objects there can be at mostM|V| executions of

the loop 13-24, while the loop 16-24 can be executed at mostL times. Steps 19

and 24 haveO(log|V|) operations while Steps 22-23 haveO(M) operations, so
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the loop 16-24 hasO(M log|V|) operations. Since this loop can be executed at

mostM|V|Ltimes, the running time of Algorithm 1 isO(M2L|V| log|V|).

4.2.3 Experiments

Now we demonstrate the usage of Algorithm 1 on mathematically-defined as well

as on real images. Similarly to the example shown in Section 4.1, the appropriate

fuzzy spel affinities were automatically created by a computer program, based

on some minimal information supplied by a user. However, this is not the only

option for doing so: for example, if sufficient prior knowledge about the class

of segmentation problems to which the application at hand belongs is available,

the whole segmentation process can be automated by designing a program that

automatically selects the seeds for the objects to be segmented, as it was done in

[27] to segment macromolecules in Electron Microscopy volumes.

On the left of Figure 4.3 are images defined on aV consisting of regular

hexagons that are inside a large hexagon (with 60 spels on each side, a total of

10,621 spels). In all the examples of Figure 4.3M = 3. For these experiments

we definedVm (1≤m≤ 3) to be the set of spels clicked by the user plus their six

neighbors. The affinity functionsψm (1≤ m≤ 3) were computed according to

(4.2).

The right column of Figure 4.3 shows the resulting maps of theσm (ob-

tained by the method described in the text) by assigning the color(r,g,b) =

255× (σc
1,σ

c
2,σ

c
3) to the spelc. Note that not only the hue, but also the bright-

ness of the color is important: the less brightly red areas for the last two images
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Figure 4.3: The first five images on the left were mathematically defined including
both background variation and noise on them. The last two images on the left were
obtained using magnetic resonance imaging (MRI) of heads of patients. On the
right we show the corresponding 3-segmentations.
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correspond to the ventricular cavities in the brain, correctly reflecting a low grade

of membership of these spels in the object that is defined by seed spels in brain

tissue. The seed setsVm consist of the brightest spels. (For the first image we

selected the seed spels so thatV1 = V2, for the second image we selected the seed

spels so thatV2 = V3, and for the rest of the images the three sets of seed spels

are pairwise disjoint, which happens to result — due to the large number of gray

levels used in the images to be segmented — in the three objects being pairwise

disjoint as well). The times taken to calculate these 3-segmentations using our

algorithm on a 1.7 GHz Intel©R XeonTM personal computer were between 90ms

and 100msfor each of the seven images (average = 95.71ms). Since these images

contain 10,621spels, the execution time is less than 10µsper spel. The same was

true for all the other 2D image segmentations that we tried, some of which are

reported in what follows.

To show the generality of our algorithm and to permit comparisons with other

algorithms, we also applied it to a range of real images that appeared in the recent

image segmentation literature. Since in all these imagesV consists of squares

inside a rectangular region, the automatic calculation of the fuzzy spel affinities

that is described on page 89 (for regular hexagons inside a hexagonal region) has

to adapted. In this case theπ of (4.2) is the edge-adjacency (4-adjacency) on the

square grid, while the sets of seeds are formed by the spels at which the user points

together with the eight other spels which share an edge or a vertex with that spel.

Except for this adaptation, the previous specification is verbatim what we use for

the experiments which we now describe.
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Figure 4.4: An SAR image of trees and grass (left) and its 2-segmentation (right).

In [86] the authors demonstrate their proposed technique by segmenting an

SAR image of trees and grass (their Figure 1, our Figure 4.4 left). They point out

that “the accurate segmentation of such imagery is quite challenging and in par-

ticular cannot be accomplished using standard edge detection algorithms.” They

validate this claim by demonstrating how the algorithm of [58] fails on this image.

As illustrated on the right of Figure 4.4, our technique produces a satisfactory seg-

mentation. On this image, the computer time needed by our algorithm was 0.3s

(on the same 1.7 GHz Intel©R XeonTM personal computer that we use for all

experiments presented in this section), while according to a personal communi-

cation from the first author of [86], its method “took about 50 seconds to reach

the 2-region segmentation for this 201-by-201 image on Sparc 20, with the code
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written in C.”

In Figure 4.5 we report on the results of applying our approach to two physi-

cally obtained images from [47]: an aerial image of San Francisco (top-left) and

an indoor image of a room (top-right). The second row of the figure shows a 2-

segmentation of the San Francisco image into sea and land and a 5-segmentation

of the living room image. The third row shows how extra object definitions can

be included in order to produce a more detailed labeling of a scene, with the 3-

segmentation of the San Francisco image separating the Golden Gate Park from

the rest of the land object and the 6-segmentation of the living room including a

new object corresponding to the base and arm of one of the sofas.

It is stated in [47] that the times needed for the segmentations reported in

that paper “are in the range of less than five seconds” (on a Sun UltraSparcTM).

Our CPU time to obtain the segmentations shown in Figure 4.5 is around 2s.

However, there is a basic difference in the resolutions of the segmentations. Since

the segmentation method used in [47] is texture based, the original 512× 512

images are subdivided into 64×64 “sites” using a square window of size 8×8

per site. In the final segmentations of [47] all pixels in a particular window are

assigned to the same object. As opposed to this, in our segmentations any pixel

can be assigned to any object. Another way of putting this is that we could also

make our spels to be the 8× 8 windows of [47] and thereby reduce the size of

theV to be a 64th of what it is currently. This should result in a two order of

magnitude speedup in the performance of our segmentation algorithm (at the cost

of a loss of resolution in the segmentations to the level used in [47]).
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Figure 4.5: The originals (first row) and segmentations of an aerial image of San
Francisco (left column) and an indoor image of a living room (right column).
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4.2.4 Accuracy and Robustness

Due to the fact that all affinities (and consequently the segmentations) shown in

the last section are based on seeds selected manually by a user, the practical use-

fulness and performance of the multiseeded fuzzy segmentation algorithm need to

be experimentally evaluated, both for accuracy and for robustness.

The experiments used the first five images on the left of Figure 4.3. We chose

these images because they were based on mathematically defined objects onto

which we assigned gray values that were then corrupted by random noise and

shading, and so the “correct” segmentations were known to us.

We then asked five users who were not familiar with the images to perform

five series of segmentations, where each series consisted of the segmentation of

each one of the five images presented in a random order. Since each of the five

users performed five series segmenting the five images, we had at our disposition

125 segmentations that were analyzed in a few different ways.

First, we analyzed the segmentations concerning their accuracy. We consid-

ered two reasonable ways of measuring the accuracy of the segmentations: in one

we simply consider if the spel is assigned to the correct object, in the other we

take into consideration the grade of membership as well. Thepoint accuracyof a

segmentation is defined as the number of spels correctly identified divided by the

total number of spels multiplied by 100. Themembership accuracyof a segmen-

tation is defined as the sum of the grades of membership of all the spels which are

correctly identified divided by the total sum of the grades of membership of all

spels in the segmentation multiplied by 100.
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The average and the standard deviation of the point accuracy for all 125 seg-

mentations were 97.15 and 4.72, respectively, while the values for their member-

ship accuracy were 97.70 and 3.82. We should emphasize the fact that these means

and standard deviations are very similar. This is reassuring, since the definitions

of both of the accuracies were somewhatad hocand so the fact that they yield

similar results indicates that the reported figures of merit are not over-sensitive

to the precise nature of the definition of accuracy. The slightly larger mean for

the membership accuracy points to the fact that misclassified spels tend to have

smaller than average membership values.

The averageerror (defined as “100 less point accuracy”) over all segmenta-

tions is less than three percent, comparing quite favorably with the state of the

art: in [47] the authors report that a “mean segmentation error rate as low as 6.0

percent was obtained.”

The robustness of our procedure was defined based on the similarity of two

segmentations. Thepoint similarityof two segmentations is defined as the num-

ber of spels which are assigned to the same object in the two segmentations di-

vided by the total number of spels multiplied by 100. Themembership similarity

of two segmentations is defined as the sum of the grades of memberships (in both

segmentations) of all the spels which are assigned to the same object in the two

segmentations divided by the total sum of the grades of membership (in both seg-

mentations) of all the spels multiplied by 100. (Note that, for both these measures

of similarity, identical segmentations will be given the value 100 and segmenta-

tions in which every spel is assigned to a different object in the two segmentations
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will be given the value 0.)

Since each user segmented each image five times, there are ten possible ways

of pairing these segmentations, so we had fifty pairs of segmentations per user and

a total of 250 pairs of segmentations. Because the results for point and member-

ship similarity were so similar for every user and image (for detailed information,

see [42]) we decided to use only one of them, the point similarity, as ourintra-user

consistencymeasure. The results are quite satisfactory, with an average intra-user

consistency of the segmentations of 96.88 and a 5.56 standard deviation.

In order to report on the consistency between users (inter-user consistency) we

selected, for each user and each image, themost typical segmentationby that user

of that image. This is defined as that segmentation for which the sum of member-

ship similarities between it and the other four segmentations by that user of that

image is maximal. Thus, we obtained five segmentations for each image that were

paired between them into ten pairs, resulting into a total of 50 pairs of segmen-

tations. The average and standard deviation of the inter-user consistency (98.71

and 1.55, respectively) were even better than the intra-user consistency, mainly

because the selection of the most typical segmentation for each user eliminated

the influence of the relatively bad segmentations.

Finally, we did some calculations of the sensitivity of our approach toM (the

predetermined number of objects in the image). In the third image (of Figure 4.3)

the distinction between the red and green objects and in the fifth image (of Fig-

ure 4.3) between the green and blue objects is artificial; the nature of the regions

assigned to these objects is the same (see Figure 4.3). The question arises: if
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we merge these two objects into one do we get a similar 2-segmentation as what

would be obtained by merging the seed points associated with the two objects into

a single set of seed points and then applying our algorithm? (This is clearly a de-

sirable robustness property of our approach.) The average and standard deviation

of the point similarity under object merging for a total of 50 readings by our five

users on the third and fifth images of Figure 4.3 were 99.33 and 1.52, respectively.

4.3 3D Segmentation

As showed before, the multiseeded segmentation algorithm is general enough to

be applied to images defined on different grids or even points on a plane. One

has several options for representing a 3D image; in this section, when perform-

ing segmentation on 3D images, we chose to represent them on the fcc grid, for

reasons that will become clear in a moment. In the previous chapter we chose to

use the bcc grid as the reconstruction grid where the blobs are placed, but since

we can sample the reconstructed function defined by (3.1) on any grid we wish,

that choice does not conflict with the selection of the fcc grid as our segmentation

grid.

In Section 3.6 we discussed why the fcc and bcc grids are superior to the sc

grid and why we chose the bcc grid as the reconstruction grid. Since the recon-

structed volume is defined by blobs we can generate a volume on any grid we wish

by sampling on the appropriate points. For the segmentation step we decided to

use the fcc grid instead of the bcc grid for reasons that will become clear in a
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moment; now we discuss the advantages of using the fcc grid instead of the sc

grid.

One advantage of the fcc grid to the sc grid is that if we have an object made

up from voxels of this type, for any two faces on the boundary between this object

and the background that share an edge, the normals of these faces make an angle

of 60◦ with each other, resulting in a less blocky image than if we used a surface

based on the cubic grid with voxels of the same size. This can be seen in Figure

4.6, where we display approximations to a sphere based on different grids. Note

that the display based on the fcc grid (center) has a better representation than the

one based on the sc grid with the same voxel volume (left) and is comparable with

the representation based on cubic grid with voxel volume equal to one eight of the

fcc voxel volume (right).

(a) (b) (c)

Figure 4.6: Computer graphic display of a sphere using different grids (repro-
duced from [40]). (a) is the display based on a sc (simple cubic) grid with voxels
of the same volume as the display based on a fcc used for (b). The image (c)
corresponds to a display based on a sc grid with voxels of volume equal to one
eight of the voxel volume in the other two images.

Despite the apparent advantage shown in Figure 4.6 of using the fcc grid in-
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stead of the sc (simple cubic) grid for representing 3D images one can concoct an

example in which the sc grid produces a superior representation of a 3D image,

for example, a rectangular parallelepiped whose sides are multiples of the sam-

pling of the sc grid. However, as mentioned above, in general the fcc and the bcc

can represent an image with similar accuracy to the sc grid using fewer voxels.

For a more detailed discussion about grid efficiencies, the reader should refer to

[57, 85].

The main advantage of the bcc grid is that it is the one that needs fewer grid

points to represent an image with a certain accuracy, when compared to the fcc and

the sc grids. However, in the bcc grid, grid points whose Voronoi neighborhoods

that share a face can be at two distances from each other, depending on the face

they share (see Figure 3.5), a characteristic that may not be desirable, as discussed

below. A good compromise solution is the use of the fcc grid, that still needs fewer

grid points than the sc grid to represent a surface with similar accuracy (see Figure

4.6) while having the property that all the neighbors of a Voronoi neighborhood

that share a face with it are equidistant.

The Voronoi neighborhoods of an fcc gridFδ are rhombic dodecahedra (poly-

hedra with 12 identical rhombic faces) of twice unit volume, as can be seen on

Figure 3.5. Then, we define the adjacency relationβ for the gridFδ by: for any

pair (c,d) of grid points inFδ,

(c,d) ∈ β⇔‖c−d‖=
√

2δ. (4.15)

Each grid pointc∈ Fδ has 12β-adjacent grid points inF . In fact, two grid points

in F are adjacent if, and only if, the associated Voronoi neighborhood share a
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face. This fact points to the first advantage of the fcc grid when compared to the

sc grid: only a single adjacencyβ is needed when computing fuzzy spel affinities.

If we had chosen to use the bcc grid, then, for a grid pointc, we may have needed

to use two functions to compose each one of the fuzzy affinity functions. These

two functions would take into account the distance of a neighbor spel:ψmh f for

grid points whose Voronoi neighborhoods share an hexagonal face andψmd f for

grid points whose Voronoi neighborhoods share a diamond face. Note that in

the case of the sc grid we could have up to three affinity functions, for Voronoi

neighborhoods that share a face, edge or vertex.

4.3.1 Experiments

The first experiments reporting on segmentations using this approach on 3D im-

ages placed on the fcc grid were published in [10]. We present here two ex-

periments of multiple object fuzzy segmentation of 3D images placed on the fcc

grid. In the first experiment, the VC data set reconstructed in Chapter 3 (that

consists of blobs placed on the bcc grid) was sampled on the fcc for a total of

(298×298×164)/2 = 7,281,928 (see (3.10)) fcc grid points. We then selected

seeds for four objects, the intestine (red object) , other soft tissues (green ob-

ject), the bones (blue object) and the lungs/background (cyan object). Then, using

a 1.7 GHz Intel©R XeonTM personal computer, our program performed the 4-

segmentation on this volume shown on Figure 4.7 using theβ-adjacency of (4.15)

as theπ of (4.2).

To present both the interpolated fcc CT volume and the 4-segmentation we
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interpolate them to a sc grid that contains the fcc grid. The 48th and 95th axial

slices of both the fcc CT volume and the 4-segmentation can be seen in Figure

4.7.

The execution time of our program was 249s, or approximately 34µs were

needed per spel to perform the segmentation. Based on the execution timings for

the previous experiments, one should expect a smaller execution time for this vol-

ume. There are three main reasons why the average number of spels segmented

per second is not higher: first, since we have used theβ-adjacency the number

of neighboring spels was doubled or tripled when compared to the previous ex-

amples, where we used the edge-adjacency for the images on the hexagonal (six

neighbors) and square grids (four neighbors), respectively; second, the memory

saving approach used in implementing the 3D version of our algorithm slowed

down the execution. (Since the goal was to segment volumes that could have as

many as 512×512×512 spels, we chose to implement a “growing” heap, where

a new level of the heap was added or an old one was removed as the program

was executed depending on the number of spels currently in the heap, so that the

memory usage was kept as low as possible. Note that, besides the heap, both the

M-segmentation map and the original volume are accessed simultaneously by Al-

gorithm 1.) Finally, our program was developed with the goal of being able to

segment images placed on the sc, fcc and bcc grids, and this generality also con-

tributed to the longer execution time of the algorithm, as opposed to the approach

taken in the 2D case, where we use two programs to produce the segmentations

shown in Subsection 4.2.3 (one for the images on the hexagonal grid and another
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(a) (b)

(c) (d)

Figure 4.7: Two axial slices from the VC data set volume placed on the fcc grid
and 4-segmentations of them. (All four images were interpolated to the sc grid for
display purposes.)
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for the images on the square grid).

In order to have a better idea of the quality of the segmentation produced by

our algorithm on this volume, we created a 3D model of the segmented intestines

(the red object of Figure 4.7) using the software OpenDX [51], which can be seen

in Figure 4.8. Since OpenDX can work with arbitrary grids we used the fcc grid,

the volume shown on Figure 4.8 is made up of rhombic dodecahedra (fcc Voronoi

neighborhoods).

Figure 4.8: A 3D view of the segmented intestines shown in Figure 4.7.

For a second experiment, we interpolated a data set from the sc grid to the

fcc grid. In this experiment, the aim is to segment the trachea and bronchial

tubes so that they can be subsequently visualized in a virtual bronchoscopy (VB)
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animation. (We refer to this data set as the VB data set.) This data set is formed

by 512×512×60/2 fcc grid points.

Figure 4.9 shows two axial slices of the VB data set and the corresponding

slices of a 4-segmentation of it. Once more, in order to display an image on the

square grid, the non-valid grid points in each slice were interpolated from the

values of the neighboring grid points. Our segmentation program produced this

4-segmentation of the VB data set containing 7,864,320 fcc grid points in 263s

or approximately 33µsper spel.

One should observe that even though the attenuation coefficients of the re-

constructed spels in the lung area are in the same range of those in the bronchi

and trachea, the placement of seeds in the areas of the lung close to bronchial

junctions stop the leakage of the trachea-bronchi object (red) into the lung ob-

ject (cyan). Figure 4.10 shows a 3D view of the segmented trachea and bronchial

tubes.

We have proposed a general, efficient, and easy to use semi-automatic algo-

rithm for performing the simultaneous fuzzy segmentation of multiple objects.

These characteristics make the proposed method a valuable tool for interactive

segmentation, since a low-quality segmentation (as judged by the user) can be

corrected by the removal or introduction of new seed spels and a series of seg-

mentations can be produced until a satisfactory one is achieved. As mentioned

before, this method can also be transformed into a fully automatic segmentation

method if sufficient information about the segmentation task at hand is known.
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(a) (b)

(c) (d)

Figure 4.9: Two axial slices from the VB data set volume placed on the fcc grid
and 4-segmentations of them. (All four images were interpolated to the sc grid for
display purposes.)
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Figure 4.10: A 3D view of the segmented trachea and bronchi shown in Figure
4.9.

4.4 Comparison with the Approach of Udupa, Saha,

and Lotufo

In a recent paper [111] on the topic of segmentation of multiple objects using

fuzzy connectedness Udupa, Saha, and Lotufo claimed that the theoretical results

of [42], which are presented above, are particular cases of the results described

by them. We disagree with this claim, and in this section we present the reasons

for our disagreement. These reasons fall into three categories: (1) our approach

is more general than that of [111], (2) even in the special cases where both ap-

proaches are applicable, they may produce differentM-segmentations, and (3) the

mathematical nature of our main result published in [42] (Theorem 4.1) is quite
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different from anything presented in [111].

As opposed to our general approach, in [111] the onlyVs that are discussed

are of the form

V =
{

c
∣∣−b j ≤ c j ≤ b j for someb∈ Zn

+
}

, (4.16)

andM is restricted to be 2. The latter is justified on the basis that, for any one of

the objects, all the other objects can be considered to be its “background” and so

there is no loss of generality. We do not think that this justification is valid in all

cases and, even when it is valid, it seems to us desirable to achieve simultaneous

M-segmentations of the type illustrated in Figure 4.5.

In the following discussion we describe the two ways objects are defined in

[111] using our terminology. Both papers [42, 111] make use of the concept of a

fuzzy spel affinity onV which is a functionψ : V2→ [0,1]. While in our method

there are no further restrictions on this function, in [111] only functions that are

reflexive (i.e.,ψ(c,c) = 1 for all c∈V) and symmetric (i.e.,ψ(c,d) = ψ(d,c) for

all c,d ∈ V) are allowed to be fuzzy spel affinities. (Examples of such reflexive

and symmetric fuzzy spel affinities are theψ1 andψ2 defined previously on page

95.)

Both papers define a chain inU(⊆V) from c(0) to c(K) as a sequence of spels〈
c(0), · · · ,c(K)

〉
in U and itsψ-strengthas theψ-strength (ψ

(
c(k−1),c(k)

)
) of its

weakest link
(

c(k−1),c(k)
)

, for 1≤ k≤ K. (In caseK = 0, theψ-strength of the

chain is defined to be 1.) For example, in the example discussed on page 95, the

ψ1-strength of the chain〈(−1),(0),(1)〉 in V is 0.25, itsψ2-strength is 0.5, andV
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is bothψ1-connected andψ2-connected.

An essential concept that was introduced in [42], and presented earlier in this

chapter, is anM-fuzzy graph. An example of a 2-fuzzy graph is the
(
V,Ψ

)
dis-

cussed on page 95, whereΨ = (ψ1,ψ2). Clearly, although it does not use this

terminology, [111] makes use of only 2-fuzzy graphs. Much more importantly,

and this is a very essential way in which the theory of [42] is more general than

the theory of [111], in the latter the same fuzzy spel affinityψ is used for the ob-

ject and background, i.e.,ψ1 = ψ2 = ψ. This assumption of using a single fuzzy

spel affinity for all objects is what makes the sufficiency of having just an object

and background reasonable, in our more general approach if Objects 1, 2 and 3

have fuzzy spel affinitiesψ1, ψ2 andψ3 associated with them such thatψ2 6= ψ3,

then Objects 2 and 3 cannot be simply combined into the background of Object

1, since in general there will not be a single fuzzy spel affinity for the background

that will define a partition in which the background is the union of Objects 2 and

3.

One particular aspect of Theorem 4.1 is that the set of seed spels for themth

object (Vm) is allowed to be an arbitrary subset ofV. Even though there is no

similar theorem in [111], seed spels are used in the theory presented there, but

only exactly one seed spel is allowed for both the object and the background (even

though this is not true for the experiments shown in [111]). As a consequence

of this restriction, it is the case that the object isψ-connected; a property that

in general does not carry over to theM-segmentation defined by Theorem 4.1.

In [111] this is considered to be an advantage, but we disagree. If we wish to
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partition into various kinds of things (e.g., to partition an aerial photograph into

water, vegetation, built-up area, and desert), then it is natural that these “objects”

be disconnected. However, it is clear from Theorem 4.1 that if a spelc belongs to

Objectm (i.e., σc
m > 0), then there is aσm-chain (i.e., a chain entirely in Object

m) from a spel inVm (a seed spel of objectm) to c.

The first way of defining objects presented in [111] is calledRelative Fuzzy

Connectedness(RFC). For its application it is assumed thatM = 2,V is some set

defined by (4.16) andΨ = (ψ,ψ) for some reflexive and symmetric fuzzy spel

affinity ψ, and that both sets of seed spelsV1 andV2 have exactly one element.

Under these restrictions, RFC defines a 2-segmentation as follows. For 1≤m≤ 2

and for anyc∈V, let µc
m denote theψ-strength of the strongest chain (inV) from

(the unique element of)Vm to c. Then, let

σc
1 =

 µc
1, if µc

1 > µc
2,

0, otherwise,
(4.17)

σc
2 =

 µc
2, if µc

1≤ µc
2,

0, otherwise,
(4.18)

andσc
0 = max

{
σc

1,σ
c
2

}
. Clearly, σ is a 2-semisegmentation ofV. To illustrate

this definition, consider the 2-fuzzy graph
(
V,(ψ1,ψ1)

)
with V1 = {(0)} andV2 =

{(−1)}. It is easy to see that the resulting 2-segmentation will beσ(−1) = (1,0,1),

σ(0) = (1,1,0), andσ(1) = (0.25,0,0.25), the last due to the fact thatµ(1)
1 = µ(1)

2 =

0.25.
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Even if we restrict ourselves to that subset ofM-fuzzy graphs and seed spels to

which RFC is applicable, there are several differences between the 2-segmentation

produced by Theorem 4.1 and the one determined by RFC. We now discuss these.

First of all, given a 2-fuzzy graph and two sets of seed spelsV1 andV2, the

2-segmentation produced by Theorem 4.1 and by RFC can be different. For

the example presented above, Theorem 4.1 will produce the already discussed

2-segmentationσ (see page 95), which is essentially different from theσ pro-

duced by RFC: inσ (1) belongs to Object 1 while it belongs to the background

(Object 2) inσ. This is because RFC does not have the concept of the above dis-

cussed “blocking” of the chain〈(−1),(0),(1)〉 by the seed spel (0) of Object 1.

We consider this to be a disadvantage of RFC (but this is more a matter of opinion

than a supportable hypothesis).

Second, RFC has a “robustness” property (Proposition 2.4 of [111]) that in

our terminology can be restated as follows. Ifσ is the 2-segmentation defined

by RFC andσq
1 > 0, then if we replaceV1 by Ṽ1 = {q}, we get by RFC a 2-

segmentatioñσ such that, for allc∈ V, σc
1 > 0 if, and only if, σ̃c

1 > 0. While it

can indeed be argued that this is a desirable property (as it is done in [111]), there

are situations where it seems to us to be counterproductive. For example, in the

case considered in the previous paragraph (in whichσ(0)
1 = 1 andσ(0)

2 = 0) we

had thatσ(1)
1 = 0.25> 0. We find this quite acceptable. However, if we replace

V1 = {(0)} by the setṼ1 = {(−1)}, then we get̃σ(0)
1 = 0 andσ̃(0)

2 = 0.5. This

seems to us quite appropriate, even though it violates the robustness criterion of

[111]. This is illustrated in Figure 4.11 where the top row describes the 2-fuzzy
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graph by specifying the nonzero fuzzy spel affinities. In the other two rows there

is shading for the object and no shading for the background, squares for seed spels

and circles for other spels, the numbers indicates the grades of membership and

the lines indicate the affinity that determines how a (not seed) spel is attached. In

the middle row (1) is attached to the object since the path from the background

seed spel (−1) is blocked by the object seed spel (0). In the bottom row, (0) is

attached to the background, since its seed (−1) has a stronger fuzzy spel affinity

to (0) than does the seed (1) of the object.

10.51

(−1) (0) (1)

0.2511

0.250.5

Figure 4.11: Illustration of a desirable lack of “robustness” in the 2-segmentation
determined by Theorem 4.1.

Finally, the definition in RFC is not symmetric; if we interchangeV1 andV2

that does not result in interchangingσc
1 andσc

2 (see the asymmetry in the defini-

tions (4.17) and (4.18)). As a result of this, even though the “object” (Object 1 in

our terminology) produced by RFC is guaranteed to beψ-connected, the “back-

ground” (Object 2 in our terminology) is not. This is illustrated in the example
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V,(ψ1,ψ1)

)
above, in which the background produced by RFC is disconnected.

TheM-segmentation defined by Theorem 4.1 is perfectly symmetric: If we per-

mute theψms and theVms in the same way, then we will get exactly the corre-

sponding permutation of theσc
ms (and the connectedness of all spels in an object

to at least one seed spel of the object will be preserved). We consider this also a

disadvantage of RFC.

To overcome the lack of ability of RFC to achieve some desired results, [111]

introduces a second method of object definition:iterative relative fuzzy connect-

edness(IRFC), which defines objects as follows.

Given a 2-fuzzy graph(V,(ψ,ψ)) and two sets of seed spelsV1 andV2 (with

all the previously stated restrictions in the approach of [111] implied), IRFC pro-

duces a sequence0ψ2,
1ψ2, · · · of spel-adjacencies and a sequence of0σ,1σ, · · · of

2-segmentations defined as follows.0ψ2 = ψ and0σ is the 2-segmentation defined

by RFC. Now assume that, for somei > 0, we have already obtainedi−1ψ2 and

i−1σ. For allc,d ∈V, we define

iψ2(c,d) =


1, if c = d,

0, i−1σc
1 > 0 or i−1σd

1 > 0,

ψ(c,d) otherwise.

(4.19)

Using the notationiψ1 = ψ, for all i, we define, for 1≤m≤ 2 and for anyc∈V,

iµc
m as theiψm-strength of the strongest chain (inV) from Vm to c. Then iσ is

defined just asσ is defined in RFC using (4.17) and (4.18), but withµc
m replaced

by iµc
m everywhere. Note that the middle line of (4.19) causes the “blocking”

of chains in Object 2 by spels in Object 1. Note also that the already indicated
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asymmetry in RFC between object and background seems to get even worse in

the definition of IRFC.

To illustrate this definition, consider the same 2-fuzzy graph
(
V,(ψ1,ψ1)

)
and

seed spels that we used to illustrate RFC. Accordingly0σ(−1) = (1,0,1), 0σ(0) =

(1,1,0) and 0σ(1) = (0.25,0,0.25). Using (4.19), we see that1ψ2(c,d) = 0 if

c= (0) or d = (0). This causes the value of1µ(1)
2 to be 0 (while1µ(1)

1 = 0.25), and

so1σ(1) = (0.25,0.25,0); i.e. (1) gets assigned to Object 1 rather than to Object

2. Further iterations will not change the 2-segmentation; i.e.,iσ =1σ, for i ≥ 1.

Note that in fact this1σ is the veryσ that is determined by Theorem 4.1 for the

same 2-fuzzy graph and seed spels.

However, this is not always the case; we now give an example in which the 2-

segmentation determined by Theorem 4.1 is different from all the 2-segmentations

produced by IRFC. Consider the 2-fuzzy graph
(
V,(ψ,ψ)

)
, whereψ is the reflex-

ive and symmetric fuzzy spel affinity defined byψ((−1),(0)) = 1, ψ((0),(1)) =

0.5, andψ((−1),(1)) = 0, andV1 = {(0)} andV2 = {(−1)}. The 2-segmentation

determined by Theorem 4.1 isσ(−1) = (1,1,1), σ(0) = (1,1,1) andσ(1) = (0.5,

0.5,0.5). On the other hand, it is easy to see that, for alli ≥ 0, the 2-segmentation

provided by IRFC isiσ(−1) = (1,0,1), iσ(0) = (1,0,1) and iσ(1) = (0.5,0,0.5).

That is, Theorem 4.1 provides us with a 2-segmentation in which every spel be-

longs to both objects, but IRFC provides us with a 2-segmentation in which every

spel is only in Object 2 (the background), including even the seed spel of Ob-

ject 1. This seems to us a disadvantage of IRFC. This disadvantage becomes

even more obvious if we do something that is allowed in [42] but not in the the-
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ory of [111], namely if we replace the 2-fuzzy graph by
(
V,(ψ1,ψ2)

)
whereψ1

is theψ defined above andψ2 is alsoψ except forψ2((0),(1)) = 0.25. Then,

in our opinion quite reasonably, the 2-segmentation provided by Theorem 4.1 is

σ(−1) = σ(0) = (1,1,1) andσ(1) = (0.5,0.5,0); i.e., (1) belongs only to Object

1. The ability to achieve this depends on our freedom of selectingψ1 and ψ2

independently and it cannot be imitated by IRFC as defined in [111]. (There is

an alternative version of IRFC in which the condition in the middle row of (4.19)

is replaced by: ifi−1σc
2 = 0 or i−1σd

2 = 0. However, that version generates ex-

actly the same 2-segmentations for the examples provided in this paragraph as the

version of (4.19).)

Finally we comment on Theorem 4.1. Its general nature is the following. “Let

G be a connected graph. A partial labeling of the nodes of G is said to have

Property X if the label at each node can be determined from the labels assigned to

the other nodes by a Procedure Y. We claim that for every graph G, there is one

and only one partial labeling that has Property X, and it is in fact a total labeling

only if the graph is connectable.” This is a result of some substance: there is no

a priori reason to believe that, for all connected graphs, there would necessarily

be a labeling with Property X, or that that labeling (if it exists) should be unique

and/or total. While it is true that RFC and IRFC produce unique labellings, that

fact is, mathematically speaking, much weaker than our result: RFC and IRFC

are deterministic algorithms, and so as long as they terminate they will of course

have a unique output. It is much more difficult to prove that a labeling defined by

an inherent property exists and is unique than to prove that a labeling produced by
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an algorithm exists and is unique.

The objective of the discussion presented in this section is to demonstrate that

the claim of [111] that “the theoretical results of [42] are particular cases of the

results described in the present paper” is unsupportable. As showed above, the

claim is false for the following reasons.

(1) The development in [42] is in a much more general setting. In [42] the

setV of spels is an arbitrary set, a fuzzy spel affinity is any fuzzy binary

relation, the numberM of objects is any positive integer, each object has its

own fuzzy spel affinity, and the set of seed spels for each object is arbitrary.

As opposed to this, in [111]V is restricted to sets of the type defined in

(4.16),M = 2, each object has the same spel affinity in RFC or one of them

is allowed to have a modified affinity of the type defined by (4.19) in IRFC,

and the set of seed spels for each object consists of exactly one element.

(2) Even when theM-fuzzy graph and the set of seed spels satisfy all the restric-

tions assumed in [111], the 2-segmentation that is determined by Theorem

4.1 (reproduced from [42]) can be different from the 2-segmentation pro-

duced by either of the two methods (RFC and IRFC) presented in [111].

(3) Theorem 4.1, which is the main result of [42] and which establishes the

existence and uniqueness for anyM-fuzzy graph of anM-segmentation sat-

isfying a certain desirable local property, has no corresponding result in

[111].
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Furthermore, we have argued in the previous section that in the cases where both

of the approaches are applicable and they result in different 2-segmentations, it

is the one that is provided by Theorem 4.1 which corresponds to what might be

considered intuitively more desirable. This is a matter of opinion (as opposed to

the three issues listed above, which are mathematical facts).

There is another claim in [111] about our method that is not true, namely that

the RFC and IRFC “algorithms guarantee the repeatability of segmentation. The

results of [42] cannot assure the repeatability of segmentations.” Provided thatM-

fuzzy graphs and the sets of seed spels are fixed, all the methods in [42] and [111]

are deterministic and hence guarantee repeatability. The question is what happens

when we are presented with an image and the fuzzy spel affinities and/or the seed

spels need to be selected based on the image. If this is done by a deterministic

algorithm, repeatability will again be ensured. If it is done by some interactive

information provided by the user (see, e.g., [42] for why it is desirable under

certain circumstances that this should be done), then repeatability can no longer

be guaranteed by any method. In Subsection 4.2.4 we have summarized the results

of experiments (fully described in [42]) performed to determine the accuracy and

robustness of segmentations produced using our method, which indicate both high

accuracy and high repeatability.



Chapter 5

Automatic Navigation for VE

Endoscopy is an examination that uses an endoscope equipped with a camera (and

maybe other instruments)that is introduced into the patient for the purpose of vi-

sualizing hollow structures such as the colon or trachea. As of now, endoscopy

is still a widely used mildly invasive examination that allows diagnosis, screening

and biopsy of suspect parts of internal organs. Even though endoscopy is con-

sidered a mildly invasive procedure, some patients tend to avoid it because of the

discomfort experienced during its execution, leading to the need of sedation.

Virtual endoscopy (VE) is a non-invasive examination, first used in the early

90s, that can successfully replace endoscopy for many of its tasks.VE consists

of producing an animation that resembles the standard endoscopy examination

from a previously reconstructed and segmented three-dimensional data set. The

techniques mentioned here, although only used with cone-beam helical CT recon-

structed data sets, can be applied to three-dimensional data sets acquired by other

142
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imaging modalities, such as Magnetic Resonance Imaging (MRI) or ultrasound.

We discuss now the advantages and disadvantages of virtual endoscopy as

compared to the traditional endoscopy and and then the method for generating

virtual endoscopy animations that resemble the traditional examination.

5.1 Standard Versus Virtual Endoscopy

Although VE was developed with the intent of mimicking traditional endoscopy’s

behavior, intrinsic differences in image acquisition (a real camera positioned in-

side the patient as opposed to a virtual camera inside a segmented structure of a

3D image) lead to different visualizations and characteristics.

While some of the characteristics of the VE technique make it appropriate to

be utilized in new ways, it still cannot provide some information made available

by standard endoscopy. The main advantages of the traditional endoscopy exami-

nation over VE are:

• Biopsy - Other instruments, besides the endoscope, can be physically intro-

duced in the patient, allowing sample collection for histological evaluation

[79].

• Appropriate for detection of dynamic lesions - Can be successfully used

for detection of lesions that are related to movement, such as detection of

impaired motion of the vocal cords [7].

• Accurate detection of small lesions - Flat or small lesions are easier to detect
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than in VE [79, 114] (although sometimes this problem can be attributed to

faulty segmentation that usually is followed by a smoothing of the surface

for visualizing purposes).

• Correct coloring - Organs can be visualized with their true colors, that can

be useful for detecting anomalies.

• Mucosal details are preserved - Mucosal details tend to be lost when using

VE, especially if volume rendering is used [114].

• No extra equipment required - Besides the endoscope and other instruments

associated with it no specialized software or hardware are required for the

examination.

However, VE also has advantages (over standard endoscopy), some of which are:

• Different viewpoints - VE allows the generation of several animations, using

different viewpoints, allowing the visualization of regions that would not be

visible by traditional endoscopy. For example, VE can be used to visualize a

small polyp hidden behind a colon segment by using a reversed path for the

virtual camera, and external views can be used for detection of anomalies

on the outer walls of the rendered structures.

• Non-invasive procedure - Because of this characteristic VE has been used

for high risk patients such as neonatal and young children [60].
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• Cost - Since VE usually does not require sedation (except in the case of

pediatric patients to reduce motion artifacts) it can reduce the cost of the

examination.

• Accurate volume computation - Software can be used for accurate volume

estimation, e.g., estimating a tumor volume.

• Accessibility - Can be used to visualize small or dangerous areas, where the

introduction of the endoscope would be physically impossible (the examina-

tion of small structures such as the inner ear [105] or small stenotic vessels)

or potentially harmful (in dangerous areas such as vessels in the eyes or the

ventricular system of the brain, or in case of suspected perforation of the

colon [6]).

• Repeatability - The virtual endoscopy examination can be repeated many

times using different parameters, making it an excellent tool for teaching,

training and surgical planning [3].

• Automatic detection - Automated techniques for finding anomalies (e.g.,

polyps in virtual colonography), can be used and suspect areas can be pre-

sented to the physician [114].

• Comfort - In some cases, the preparation procedure for VE is less aggres-

sive for the patient than the one for endoscopy. For example, an alternative

bowel preparation method is proposed in [15] (referred as electronic colon

cleansing) for extracting the colon lumen from CT volumes, where bowel



CHAPTER 5. AUTOMATIC NAVIGATION FOR VE 146

cleansing is replaced by a low-residue diet, contrast solution ingestion and

the introduction of CO2 into the colon of the patient.

5.2 Rendering

After the determination of the navigation path, the virtual endoscopy software has

to render the frames of the imaged volume. The choice of using surface or volume

rendering depends on the application at hand. Even though rendering is computa-

tionally demanding, specialized hardware has become increasingly cheaper over

the last few years and new techniques, such as template-based volume rendering

[5], can be used to speed things up.

Volume rendering is a technique that makes use of the whole volume, assign-

ing to each voxel of the volume one or more values, such as transparency, density,

etc., and can be used without segmenting the 3D image.

Surface rendering is a technique used for rendering two-dimensional views

of pre-segmented volumes. When compared to volume rendering, surface ren-

dering can generate images that are more similar to traditional endoscopy, is less

confusing when used for detection of small anomalies (specially because of the

transparency used for volume rendering) and is faster. These are the main reasons

why we chose surface rendering to produce VE animations.
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5.3 Navigation Techniques

In order to generate a virtual endoscopy animation resembling the endoscopy ex-

amination a similar path to the one employed in the traditional endoscopy has

to be used, and this navigation path can be computed by making use of various

techniques.

The navigation or path planning techniques can be classified according to user

interaction into three categories:

• Manual - The user handles an input interface, such as a mouse or joystick,

to move the virtual camera in the three-dimensional volume. These ap-

proaches require user training and the introduction of positional constraints

via software to hinder the “perforation” of the imaged structure by the vir-

tual endoscope.

• Semi-automatic - Also referred to askeyframing; in this technique the user

specifies key path points through out the volume that are connected, usually

by cubic splines, to form the final path. The user needs to have a very good

understanding of complex tree-dimensional structures in order to provide

good key points. The connection of the points by curves has also to take into

account the boundaries of the examined structure to avoid making contact

with its walls.

• Automatic - Initial and one or more end points are specified by the user and

the navigation path(s) is(are) automatically computed by software, usually
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by computing the centerline [82, 28] of the imaged structure.

5.3.1 Creating a Navigation Path

As mentioned above, even in an automatic navigation technique the user identifies

the initial and end points of a navigation path. A basic feature of our method for

generating a navigation path is that the user selects the initial and end points of

the navigation path at the time when selecting the seed spels for the segmentation

method described in Chapter 4. Since a VE examination consists of an inspection

of a hollow structure, the assumption is that the initial and end points of a naviga-

tion path are part of the segmented object to be examined so that they can be used

as seed spels for it.

In the definition of (5.1) reproduce below

sc
n =

 1, if c∈Vn,

maxd∈V(min(µσ,n,V,Vn(d),ψn(d,c))), otherwise,
(5.1)

we see that the connectedness of a spelc is equal to the strength of the strongest

chain, connecting a seed spel inVm to c, fully contained within themth. If we

select a spelb as the initial point and one or more spelsc as the end points, initial

paths connecting these spels are generated as part of the output of the segmenta-

tion algorithm presented in the previous chapter. This is done without any extra

computation by storing a pointer to the previous spel in the strongest chain (the

d in (5.1)). We refer to these initial paths because they may need some smooth-

ing to avoid brusque camera movements. However, since we usually select more
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than one seed spel for a given object, the resulting fuzzy object contains spelsc

for which the strongest chains connecting them to the seed spelb (chosen as the

initial point of the navigation path) were not computed. To solve this problem, a

second segmentation is performed only on the spels that were segmented as part

of the fuzzy object associated with the structure to be examined. This second seg-

mentation is performed using a single seedb, the initial point of the navigation

path. By doing so we produce the strongest chains of any spel belonging to the

segmented object to the initial seed spelb. The exception are the spels that re-

side in regions of the segmented object that are not connected to the region of the

segmented object where the seed spelb is located.

However, there is no reason why these strongest chains should be reasonable

navigation paths. In fact, it can be seen on the top image of Figure 5.1 that the

strongest chain connecting the initial and end points is very tortuous due to local

variations and does not correspond to an acceptable navigation path. Thus, we

need a method to smooth the strongest chain´s navigation path by removing these

local variations.

The intent of the smoothing step is to remove those local movements from

the initial path that make the virtual camera wander about an area, in particular

those movements that do not bring the virtual camera closer to the end point of the

navigation path. To do this, a distance map that encodes as distance the length of

the shortest chain (in spels) from every spel to the destination speld is computed.

This map is then used to select the next spel in the smoothed strongest chain path.

This selection is performed by choosing the first spel that belongs to the strongest
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Figure 5.1: 3D views of the segmented trachea and bronchi with the navigation
path determined by the original strongest path connecting (top) and a smoothed
version of the strongest path (bottom) where selected points (light blue) were con-
nected using B-splines. (The purple sphere marks the position of the virtual cam-
era at a particular moment.)
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chain such that the difference of the distances to the destination spel between

the previously selected spel and the one being examined is greater than a certain

threshold. We also set the camera direction during this procedure by defining it to

point toward the position of the next selected spel in the path.

5.4 Experiments

To illustrate the applicability of our automatic method for generating navigation

paths for VE we produced two VE animations: a virtual colonoscopy animation

and a virtual bronchoscopy animation using the data sets that were segmented

in Chapter 4. After the navigation paths were determined, the VE animations

were created using OpenDX [51] to visualize and save individual frames that were

subsequently used by the software mpeg2encode to create the animation.

Figure 5.1 shows a 3D view of the trachea and bronchial tubes segmented

using the algorithm described in the previous chapter. The initial segmentation

required 263sof execution time while the second segmentation (that produces the

strongest chains from the navigation path initial spel to the other spels) required

less than a second. The red tube on the top image denotes the navigation path

defined by the strongest chain while on the bottom image it denotes the navigation

path defined by the smoothed strongest chain such that the successor of a selected

spel in the path is at least 8 spels closer to the destination spel than itself. Figure

5.2 shows four frames of the VE animation produced for this data set.

Figure 5.3 shows a 3D view of the intestines segmented using the algorithm
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Figure 5.2: Four frames of a virtual bronchoscopy examination produced using a
smoothed strongest chain as a navigation path.
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described in the previous chapter. The initial segmentation required 249s of ex-

ecution time while the second segmentation required 6s. Again, the red tube on

the image denotes the navigation path defined by the smoothed strongest chain

such that the successor of a selected spel in the path is at least 8 spels closer to

the destination spel than itself. Figure 5.4 shows four frames of the VE animation

produced for this data set.
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Figure 5.3: 3D view of segmented intestines with the navigation path determined
by a smoothed version of the strongest path where selected points (light blue)
were connected using B-splines.
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Figure 5.4: Four frames of a virtual colonoscopy examination produced using a
smoothed strongest chain as a navigation path.



Chapter 6

Conclusions

6.1 Summary and Contributions

We have shown that ART-type algorithms can be used for reconstructing low-

contrast objects from helical cone-beam CT data. In our implementations of both

ART and block-ART algorithms we used modified Kaiser-Bessel window func-

tions as basis functions, and to implement the algorithms efficiently, we have

placed the basis functions on the BCC grid. We report on experiments per-

formed by reconstructing simulated projection data of the modified 3D Shepp-

Logan phantom for two instances of the PI-geometry with cone-beams defined by

κmax= ±9.46◦ andκmax= ±18.43◦. The results for noiseless data show that for

the quality of the reconstructions by the ART algorithm are superior to the ones

produced by the fully 3D filtered backprojection reconstruction algorithm of [107]

for both datasets. It was also shown that ART produces more accurate reconstruc-
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tions than the 3D filtered backprojection reconstruction algorithm when applied

data corrupted with noise that is similar to that of CT data collection. The same

is true for the block-ART algorithm proposed here, but only when reconstructing

from data acquired using the geometry with the larger cone-beam. In the exper-

iments using the smaller cone-beam, the block-ART reconstructions were more

accurate than the ones produced by 3D filtered backprojection reconstruction al-

gorithm only in the case where the data were corrupted by the highest of three

levels of noise tested.

Whether it is the VE animation that is used for screening (as in the case of

detecting polyps in the colon) or the CT reconstruction itself (as when detecting

lung nodules), it is very important that a low radiation dose [38] be used so as

to minimize the radiation exposure of the patients. It is known that, in general,

ART-type algorithms are less sensitive to noisy data than transform methods such

as filtered backprojection (this is also shown here), and thus are more adequate

for use in low radiation dose CT reconstruction. The choice of ART-type algo-

rithms for reconstructing from low radiation dose has the potential of improving

the quality of segmentations and of VE animations used in patient screening.

We also have introduced a new region-growing segmentation algorithm that is

based on the idea of fuzzy connectedness. The algorithm is a semi-automatic one,

requiring user input in the form of seed spels that can be used (and are used for the

examples shown here) to collect some statistics that define the fuzzy affinities for

the various objects. This method has been shown to work on mathematically de-

fined images corrupted by noise and/or varying illumination as well as on images
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acquired by photographic cameras, MRI, CT and SAR. The method is general in

the sense that it can be applied to any digital space. The 3D grid chosen to be used

with the method is the fcc grid due to its better efficiency when compared to the

sc, and to its simpler implementation when compared to the bcc grid. The results

show that the method (implemented using a greedy algorithm) is robust, and fast

enough so that it can be used in clinical practice for segmenting CT volumes for

producing VE animations.

Finally, based on the connectedness maps produced by the segmentation al-

gorithm, we have proposed an automatic navigation method for VE that uses a

strongest path generated by the segmentation algorithm as an initial path. This

initial path is then smoothed to produce the final navigation path.

6.2 Future Work

We have organized the possible extensions to this work according to the steps

performed for producing a VE animation, followed by another topic not addressed

in the dissertation: the automatic detection of abnormalities.

Cone-Beam Helical CT Reconstruction

One possible approach for speeding up the reconstruction process is the use of

commercially available graphic cards [75] to implement both the forward and

backprojection steps of the ART and block-ART algorithms presented here. In

this approach, one makes use of the OpenGL©R API (that is supported by most of
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the graphic cards) and the texture-mapping hardware of the graphic card to create

projections of the current estimate of the reconstruction algorithms as well as to

update the values of the coefficients of the basis functions.

Segmentation

A possible extension to the segmentation method is the definition of a procedure

that automatically selects the seed points for a tubular structure to be visualized as

well as for other objects in the 3D image. Of course, there should be different pro-

cedures for seed selection for different applications, such as Virtual Colonoscopy,

Bronchoscopy or Ureteroscopy.

Navigation

It turns out that the strength of the automatic techniques for path planning, the

very limited user interaction, can also be seen as a weakness because of the user’s

inability to adjust the camera path, orientation, view angle or speed. However, if

the visualization interface provides commands for manipulating the camera and

path properties, the user can interact with the animation generation and inspect

specific points of interest. An approach to increase the interactivity provided to the

user is described in [16, 48] using a potential field [61] is used to guide the virtual

camera. A drawback of approaches based on potential fields is that the virtual

camera can get stuck at local minima. However, the user´s ability to change the

parameters used to compute the potential field modify the behavior of the virtual
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camera allowing it to get away from local minima.

Automatic Detection

A natural addition to VE applications is the incorporation of techniques for com-

puter aided detection of abnormalities, such as polyps in Virtual Colonoscopy

[31, 102, 121] or stenosis in Virtual Angiography or Tracheotomy [100]. Re-

sults from such techniques can also be used to influence the computation of the

navigation path and the coloring of the detected areas, making the abnormalities

more visible to the examining physician. For Virtual Colonoscopy, [101] lists ten

challenges that must be addressed in order to provide an efficient computer aided

detection system.
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