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Abstract. The exploration of hybrid metaheuristics — combination of meta-
heuristics with concepts and processes from other researchareas — has been
an important trend in combinatorial optimization research. In this work, we
developed a hybrid version of the GRASP metaheuristic whichincorporates the
path-relinking procedure — a memory-based intensificationstrategy — and a
data mining module. Computational experiments showed thatemploying the
combination of path-relinking and data mining allowed GRASP to find better
results in less computational time. Another contribution of this work is the ap-
plication of the path-relinking hybrid proposal for the 2-path network design
problem, which improved the state-of-the-art solutions for this problem.

Resumo. A exploraç̃ao de metaheurı́sticas h́ıbridas — combinaç̃ao de meta-
heuŕısticas com conceitos e processos de outrasáreas — vem sendo uma im-
portante linha de pesquisa em otimização combinat́oria. Nesse trabalho, desen-
volvemos uma versão h́ıbrida da metaheurı́stica GRASP que incorpora a técnica
de reconex̃ao por caminhos e um ḿodulo de mineraç̃ao de dados. Experimen-
tos computacionais mostraram que a combinação da t́ecnica de reconexão por
caminhos com mineração de dados contribuiu para que o GRASP encontrasse
soluç̃oes melhores em um menor tempo computacional. Outra contribuição
desse trabalhóe a aplicaç̃ao dessa proposta hı́brida ao problema de sı́ntese de
redes a 2 caminhos, o que proporcionou melhores soluções para esse problema.

1. Introduction.
Metaheuristics represent an important class of approximate techniques for solving hard
combinatorial optimization problems, for which the use of exact methods is impracti-
cal. They are general purpose high-level procedures that can be instantiated to explore
efficiently the solution space of a specific optimization problem.

A trend in metaheuristics research is the exploration of hybrid metaheuristics.
One kind of such hybrid methods results from the combinationof concepts and strategies
behind two or more classic metaheuristics. Another kind corresponds to metaheuristics
combined with concepts and processes from other research areas responsible for improv-
ing the original method. An instance of the latter case is thehybrid version of the GRASP
metaheuristic that incorporates a data mining process, called DM-GRASP (Data Mining
GRASP) [Santos and Plastino 2008].

The GRASP (Greedy Randomized Adaptive Search Procedures) metaheuristic
[Feo and Resende 1989, Feo and Resende 1995], since it was proposed, has been suc-
cessfully applied to solve many optimization problems, in several areas like schedul-
ing, routing, partitioning, location and assignment [Festa and Resende 2009]. GRASP is



easy to implement and is able to obtain very good solutions inacceptable computational
times [Festa and Resende 2009]. The solution search processemployed by GRASP is
performed iteratively and each iteration consists of two phases: construction and local
search. A feasible solution is built in the construction phase, and then its neighborhood
is explored by the local search in order to find a better solution. The result is the best
solution found over all iterations.

Data mining refers to the automatic extraction of knowledgefrom datasets
[Han and Kamber 2006]. The extracted knowledge, expressed in terms of patterns
or rules, represents important features of the dataset at hand. The hybridization of
GRASP with a data mining process was first applied to the set packing problem
[Ribeiro and Martins 2004]. The basic hypothesis was that patterns found in good qual-
ity solutions could be used to guide the search, leading to a more effective exploration
of the solution space. The resulting method, the DM-GRASP metaheuristic, achieved
promising results not only in terms of solution quality but also in terms of execution
time required to obtain good solutions. Afterwards, the method was evaluated on three
other applications: the maximum diversity problem [Santosand Martins 2005], the server
replication for reliable multicast problem [Santos and Plastino 2006] and thep-median
problem [Plastino and Salhi 2009], and the results were equally successful.

The first contribution of this work is to show that not only thetraditional GRASP
metaheuristic but also GRASP procedures improved with the path-relinking heuristic —
a memory-based intensification mechanism — can benefit from the incorporation of a
data mining procedure to extract patterns of sub-optimal solutions in order to guide more
efficiently the search for better solutions.

Path-relinking was proposed by Glover [Glover and Martı́ 2000] as an intensifica-
tion strategy exploring trajectories connecting elite solutions obtained by tabu search or
scatter search strategies. Starting from one or more elite solutions, path-relinking gener-
ates paths leading toward other elite solutions and explores them in the search for better
solutions. To generate paths, moves are selected to introduce attributes in the current so-
lution that are present in the guiding solution. Path-relinking is a strategy that seeks to
incorporate attributes of high quality solutions, by favoring them in the selected moves.

In this work, we present two path-relinking hybrid strategies, called DM-GRASP-
PR and MDM-GRASP-PR, which combine a data mining procedure into the GRASP
with path-relinking, and show that these strategies can improve the solution quality and
computational time of the original GRASP with path-relinking.

The second contribution is the application of the path-relinking hybrid propos-
als to solve the 2-path network design problem (2PNDP). Thisproblem has shown to be
NP-hard and many applications of this problem can be found inthe design of commu-
nication networks, in which paths with few edges are sought to enforce high reliability
and small delays [Ribeiro and Rosseti 2007a]. GRASP procedures with path-relinking
have achieved excellent results for this problem [Ribeiro and Rosseti 2007b]. The com-
putational experiments conducted in this work show that theimplemented path-relinking
hybrid strategies were able to improve the state-of-the-art solutions for the 2PNDP.

The remaining of this paper is organized as follows. In Section 2, we review the
main concepts and the structure of both GRASP metaheuristicand path-relinking strat-



egy. In Section 3, we present the hybrid strategy DM-GRASP-PR developed for the
2PNDP and compare the computational results obtained by this strategy and the tradi-
tional GRASP with path-relinking. In Section 4, the strategy MDM-GRASP-PR is de-
scribed and computational results are presented comparingthe DM-GRASP-PR and the
MDM-GRASP-PR strategies. Finally, in Section 5, concluding remarks are made and
some future works are pointed out.

2. GRASP with path-relinking

GRASP [Resende and Ribeiro 2003] is a metaheuristic alreadyapplied successfully to
many optimization problems [Festa and Resende 2009]. The first phase of a GRASP iter-
ation is the construction phase, in which a complete solution is built. Since this solution
is not guaranteed to be locally optimal, a local search is performed in the second phase.
This iterative process is repeated until a termination criterion is met and the result is the
best solution found over all iterations.

In the construction phase, the initial solution is the emptyset. The components not
in the solution are ranked according to a greedy function. The better ranked components
form a list, called Restricted Candidate List (RCL). After this step, one component is
randomly selected from this list and incorporated into the current solution. This process
is repeated until the partial solution is completely built.

The solution obtained in the construction phase becomes thestarting point for the
local search phase — a hill-climbing process, in which the neighborhood of the solution is
explored. The neighborhood of a solution is defined by a function that relates this solution
with a set of other solutions. If a better solution is found, local search is performed again,
considering the neighborhood of this new solution. Otherwise, the local search terminates.

Path-relinking is a technique proposed by Glover [Glover and Martı́ 2000] to ex-
plore possible trajectories connecting high quality solutions obtained by heuristics.

The GRASP metaheuristic is a memoryless method, because alliterations are in-
dependent and no information about the solutions is passed from one iteration to an-
other. The objective of introducing path-relinking to a pure GRASP is to retain previous
good solutions and use them as guides in the search of new goodsolutions. Laguna and
Martı́ [Laguna and Martı́ 1999] were the first to use path-relinking within a GRASP strat-
egy. Several improvements and successful applications of this technique can be found in
the literature [Resende and Ribeiro 2005].

Basically, path-relinking is applied to a pair of solutions{si, sg} by starting from
the initial solutionsi and gradually incorporating attributes from the guide solution sg
to si, until si becomes equal tosg. There are several ways to explore the paths between
them [Resende and Ribeiro 2005]: backward relinking, forward relinking, backward-and-
forward relinking, periodical relinking, randomized relinking and truncated relinking. To
use path-relinking within GRASP, an elite set is maintained, in which good solutions
found in previous GRASP iterations are stored.

In this work, path-relinking is performed after each GRASP iteration using a solu-
tion from the elite set and a local optimum obtained after theGRASP local search. From
this two solutions, the initial (si) and guide (sg) solutions are defined. The set∆ com-
posed of positions in whichsi andsg differ is then calculated. The initial best solution



and its cost are determined. The steps of path-relinking areperformed until the entire path
from si to sg is traversed. For every positionm ∈ ∆, let si ⊕m be the solution obtained
from si by changing itsm-th position by that ofsg. After this, the componentm∗ of ∆ for
which si ⊕m results in the least-cost solution is obtained. Then,m∗ is removed from∆
and the current solution is updated by changing the value of itsm∗ position. This solution
is more similar to the guide solution because one element from the initial solution was
replaced by another from the guide one. If this new solution has a better cost than the cur-
rent best intermediate solution, then the latter and its cost are updated. The intermediate
solution is then set as the initial solution for the next stepof the path-relinking.

3. The Hybrid DM-GRASP-PR Proposal

In this section, we describe the 2-path network design problem and the GRASP with
path-relinking procedure developed in [Ribeiro and Rosseti 2007b] to solve this problem.
Then we present the DM-GRASP-PR heuristic, which is a hybridversion of the GRASP
metaheuristic with path-relinking presented in [Ribeiro and Rosseti 2007b] incorporated
with a data mining process.

Let G = (V,E) be a connected undirected graph, whereV is the set of nodes
andE is the set of edges. Ak-path between nodess, t ∈ V is a sequence of at mostk
edges connecting them. Given a non-negative weight function w : E → R+ associated
with the edges ofG and a setD of pairs of origin-destination nodes, the2-path net-
work design problem(2PNDP) consists in finding a minimum weighted subset of edges
E ′ ⊆ E containing a 2-path between every origin-destination pairin D. Applications
of the 2PNDP can be found in the design of communication networks, in which paths
with few edges are sought to enforce high reliability and small delays. The decision
version of the 2PNDP has been proved to be NP-complete by Dahland Johannessen
[Dahl and Johannessen 2004]. In [Ribeiro and Rosseti 2007b], the authors successfully
applied GRASP with path-relinking heuristics for approximately solving this problem.

3.1. GRASP-PR for 2PNDP

In this section, we review the GRASP heuristic with path-relinking (GRASP-PR) for the
2-path network design problem presented in [Ribeiro and Rosseti 2007b].

The construction phase of the GRASP with path-relinking heuristic for the 2PNDP
algorithm starts with the computation from scratch of a solution x using edge weightsw′

that are initially equal to the original weightsw. The procedure is performed until a
2-path has been computed for every origin-destination pair. Each iteration starts by the
random selection of a pair(a, b) still to be routed. A shortest pathPt from a to b using the
modified weightsw′ is calculated. Then, the weights of the edges inPt are temporarily
set to 0 for the remaining iterations. At last, the pair(a, b) is removed from the set of
origin-destination pairs to be routed and the edges inPt are inserted into the solution
under construction.

Each solutionx may be viewed as a collection of|D| 2-paths. Given any solution
x, its neighbor solutionsx′ may be obtained by replacing any 2-path inx by another
2-path between the same origin-destination pair.

Each GRASP iteration has three main phases:Construction, Local Searchand
Path-Relinking. The last one is applied to the solution obtained by local search and to



a randomly selected solution from the poolP twice (one using the latter as the starting
solution and the other using the former). The locally optimal solution obtained by local
search and the best solutions found along each relinking trajectory are considered as can-
didates for insertion intoP . A solution is inserted in the pool if it is different from all
solutions of the pool and its cost is better than the cost of the worst solution of the pool.

3.2. DM-GRASP-PR heuristic

We have already developed heuristics hybridizing GRASP with data mining, called
DM-GRASP procedures, for many optimization problems [Plastino and Salhi 2009,
Santos and Martins 2005, Santos and Plastino 2006, Santos and Plastino 2008]. The
DM-GRASP is composed of two phases. The first one is called theelite set genera-
tion phase, which consists of executingn pure GRASP iterations. Thed best obtained
solutions compose the elite set. After this first phase, the data mining process is applied
to extract patterns from the elite set. The patterns to be mined are sets of elements that
frequently appear in solutions from the elite set. This extraction of patterns characterizes
a frequent itemset mining application [Han and Kamber 2006]. A frequent itemset mined
with supports represents a set of elements that occur ins% of the elite solutions.

Next, the second phase, called hybrid phase, is performed. Anothern slightly
different GRASP iterations are executed. In thesen iterations, an adapted construction
phase starts building a solution guided by a pattern selected from the set of mined patterns.
Initially, all elements of the selected pattern are inserted into the partial solution, from
which a complete solution will be built executing the standard construction procedure.

In this work, we developed the hybrid procedure DM-GRASP-PR, which incorpo-
rates a data mining procedure to the GRASP with path-relinking heuristic (GRASP-PR),
in order to show that not only the traditional GRASP metaheuristic but also GRASP pro-
cedures improved with the path-relinking heuristic — a memory-based intensification
mechanism — can benefit from the incorporation of a data mining procedure.

The useful patterns to be mined are sets of edges that commonly appear in sub-
optimal solutions of the 2PNDP. A frequent itemset mined from the elite set with support
s represents a set of edges that occur ins% of the elite solutions. A frequent itemset is
called maximal if it has no superset that is also frequent. Inorder to avoid mining frequent
itemsets which are subset of one another, in the DM-GRASP-PRproposal for the 2PNDP,
we decided to extract only maximal frequent itemset.

The adapted construction algorithm is quite similar to the GRASP construction
phase code with the difference that, we try to construct a 2-path between a pair(a, b)
using only the edges from the pattern or the edges already used which had their weight
modified to0. If a 2-path was not found using just these edges, we compute a2-path
starting from the partial solution found so far and using alledges fromE.

3.3. Computational Results for DM-GRASP-PR

In this section, the results obtained for GRASP-PR and DM-GRASP-PR are compared.
We generated 25 instances similar to the ones generated in [Ribeiro and Rosseti 2007b].
The instances are complete graphs with|V | ∈ {100, 200, 300, 400, 500}. The edge costs
were randomly generated from the uniform distribution on the interval (0, 10] and10×|V |
origin-destination pairs were randomly chosen. The algorithms were implemented in C



and compiled with gcc 4.4.1. The tests were performed on a 2.4GHz Intel Core 2 Quad
CPU Q6600 with 3 Gbytes of RAM, running Linux Kernel 2.6.24. Both GRASP-PR
and DM-GRASP-PR were run 10 times with a different random seed in each run. Each
strategy executed 1000 iterations. After having conductedsome tuning experiments, we
set some parameter values: (d) and (t) were set to 10, and (s) was set to 2.

In Table 1, the results related to the solution quality and computational time are
shown. The first column presents the identifier of the instance ax-y, wherex = |V | and
y is the seed used to generate the random instance parameters.TheBest, Avg andDev
columns present the best cost values, the average cost values and the average cost standard
deviation obtained by the strategies. The better results are bold-faced. These results show
that the proposed DM-GRASP-PR strategy was able to improve all results obtained by
GRASP with path-relinking.

TheT ime columns show the average execution time (in seconds) of the strategies,
obtained for 10 runs, and the columnsTDev show its standard deviation. The last column
shows the percentage difference between the strategies average times. For all instances,
the execution times for DM-GRASP-PR were smaller. The last line of the table presents
the average of the percentage differences. We can observe that, on average, DM-GRASP-
PR was 20.23% faster than GRASP-PR.

Table 1. GRASP-PR and DM-GRASP-PR quality and time results

GRASP-PR DM-GRASP-PR Time
Instance Best Avg Dev Time TDev Best Avg Dev Time TDev %
a100-1 679 687.5 4.06 44.22 0.76 676 682.0 3.55 37.39 0.65 15.44
a100-10 663 669.8 3.25 43.29 0.58 662 668.7 2.83 36.14 0.54 16.51
a100-100 670 674.6 2.65 46.66 0.30 666 670.3 2.10 38.89 0.32 16.66
a100-1000 644 649.9 3.33 42.98 0.55 641 647.0 4.31 36.11 0.79 15.99
a100-10000 664 669.2 3.4 43.57 0.50 661 666.5 3.58 36.87 0.58 15.37
a200-1 1386 1391.9 4.66 201.30 2.571379 1384.6 3.80 161.87 1.77 19.59
a200-10 1374 1386.0 8.26 206.32 1.951362 1376.1 8.19 166.02 1.85 19.53
a200-100 1361 1369.4 4.27 197.35 2.711354 1362.0 4.80 157.37 1.96 20.26
a200-1000 1363 1374.5 7.77 199.61 2.421358 1367.9 8.63 158.63 2.35 20.53
a200-10000 1375 1387.4 8.66 207.02 2.201369 1377.5 7.57 166.49 1.75 19.58
a300-1 2106 2117.0 7.94 516.63 3.532081 2102.4 9.36 401.89 3.01 22.21
a300-10 2134 2148.0 6.88 515.14 3.472122 2133.7 7.89 401.34 4 22.09
a300-100 2088 2096.2 7.08 517.84 3.542072 2082.3 7.04 412.27 29.71 20.39
a300-1000 2100 2105.7 6.69 516.14 4.422080 2094.5 8.69 398.99 4.41 22.70
a300-10000 2077 2092.8 9.13 515.48 3.632067 2078.2 7.70 399.88 5.29 22.43
a400-1 2807 2816.2 5.33 1000.79 6.592788 2797.5 4.76 769.70 10.15 23.09
a400-10 2848 2864.7 9.24 1003.74 4.892833 2847.8 7.17 780.44 17.78 22.25
a400-100 2818 2834.2 7.4 1026.18 4.572803 2818.9 13.36 854.99 97.01 16.68
a400-1000 2822 2833.4 7.47 1022.98 3.212800 2816.4 10.28 824.99 78.34 19.35
a400-10000 2856 2874.8 9.47 1028.98 5.622844 2857.2 8.94 808.78 56.69 21.40
a500-1 3598 3606.6 6.62 1727.36 13.523571 3579.6 6.04 1330.40 28.97 22.98
a500-10 3595 3607.7 6.66 1712.67 6.403573 3580.7 7.55 1302.53 38.48 23.95
a500-100 3598 3612.4 10.46 1747.14 5.433576 3584.7 7.99 1396.26 125.1 20.08
a500-1000 3573 3592.0 7.69 1721.36 9.883554 3564.2 5.84 1332.65 26.15 22.58
a500-10000 3605 3625.0 10.85 1760.41 4.693580 3597.9 11.26 1337.25 20.1 24.04
Average 20.23

There are two main reasons for the faster behavior of DM-GRASP-PR. First, the
computational effort of the adapted construction phase is smaller than the original con-
struction, since a smaller set of edges is processed to find a 2-path for each pair. Second,



the use of patterns leads to the construction of better solutions which will be input for the
local search. This incurs in less effort taken to converge toa local optimal solution.

4. The hybrid MDM-GRASP-PR proposal
In the proposed hybrid DM-GRASP-PR, the data mining procedure is executed just once
and at the middle point of the whole process. Although the obtained results were satis-
factory, we believe that mining more than once, and as soon asthe elite set is stable and
good enough, can improve the original DM-GRASP framework. Based on this hypothe-
sis, in this work we also propose and evaluate another version of the DM-GRASP for the
2PNDP, called MDM-GRASP-PR (Multi Data Mining GRASP-PR).

The main idea of this proposal is to execute the mining process: (a) as soon as the
elite set becomes stable — which means that no change in the elite set occurs throughout
a given number of iterations — and (b) whenever the elite set has been changed and again
has become stable. We hypothesize that mining more than oncewill explore the gradual
evolution of the elite set and allow the extraction of refinedpatterns.

4.1. Computational Results

In this section, we report the computational results obtained for the proposed MDM-
GRASP-PR strategy using the same kind of execution from the previous section. After
performing some experiments using three values for the parameter used to define if the
elite set is stable:1%, 3% and5% of the total number of iterations, we adopted1% as this
value provided the best cost values.

Since, in the previous analysis, the DM-GRASP-PR outperformed GRASP-PR,
we decided to compare the MDM-GRASP-PR only with the DM-GRASP-PR strategy.
In Table 2, the results related to quality and computationaltime are shown. MDM-
GRASP-PR found 18 better results for best values and DM-GRASP-PR found four.
MDM-GRASP-PR found 24 better results for average values andDM-GRASP-PR just
one. These results show that the MDM-GRASP-PR proposal was able to improve the
results obtained by DM-GRASP-PR.

We can observe that the DM-GRASP-PR was faster in 18 instances and MDM-
GRASP-PR was faster seven instances. However, we observe that MDM-GRASP-PR
was, on average, just 1.34% slower than DM-GRASP-PR which isnot very significant in
terms of the heuristic performance. We conclude that both path-relinking hybrid proposals
had a similar behavior in terms of computational time.

In order to verify whether or not the differences of mean values obtained by the
strategies presented in Tables 1 and 2 are statistically significant, we employed the un-
paired Student’s t-test technique. By comparing DM-GRASP-PR with GRASP-PR, we
can note that DM-GRASP-PR found better results for all 25 instances and 19 of them are
statistically significant, considering a p-value less than0.01. When comparing MDM-
GRASP-PR with GRASP-PR, we can note that MDM-GRASP-PR foundbetter results
for all 25 instances and 21 of them are statistically significant. These results show the
superiority of the data mining strategies, mainly the good behavior of the MDM-GRASP-
PR.

Figures 1(a) and 1(b) show another comparison between the three strategies, based
on T ime-to-target (TTT) plots [Aiex and Ribeiro 2007], which are used to analyze the



Table 2. DM-GRASP-PR and MDM-GRASP-PR quality results

DM-GRASP-PR MDM-GRASP-PR Time
Instance Best Avg Dev Time TDev Best Avg Dev Time TDev %
a100-1 676 682.0 3.55 37.39 0.65 674 681.9 5.28 38.50 0.91 -2.96
a100-10 662 668.7 2.83 36.14 0.54 659 665.2 3.22 37.54 1.38 -3.87
a100-100 666 670.3 2.10 38.89 0.32 667 670.0 2.41 40.41 0.83 -3.91
a100-1000 641 647.0 4.31 36.11 0.79 640 646.7 3.95 37.51 0.51 -3.89
a100-10000 661 666.5 3.58 36.87 0.58 658 665.4 3.56 38.41 1.13 -4.19
a200-1 1379 1384.6 3.80 161.87 1.77 1380 1383.9 4.16 163.19 6.41 -0.81
a200-10 1362 1376.1 8.19 166.02 1.85 1362 1372.5 5.80 167.06 3.42 -0.63
a200-100 1354 1362.0 4.80 157.37 1.96 1352 1360.7 6.63 162.58 6.85 -3.31
a200-1000 1358 1367.9 8.63 158.63 2.35 1356 1364.0 7.87 160.25 6.65 -1.02
a200-10000 1369 1377.5 7.57 166.49 1.75 1363 1374.3 7.85 166.61 6.77 -0.07
a300-1 2081 2102.4 9.36 401.89 3.01 2082 2099.3 9.23 409.38 12.47 -1.86
a300-10 2122 2133.7 7.89 401.34 4 2125 2132.1 5.05 410.17 12.15 -2.20
a300-100 2072 2082.3 7.04 412.27 29.712069 2076.3 5.40 404.22 10.37 1.95
a300-1000 2080 2094.5 8.69 398.99 4.412076 2090.3 7.09 395.88 18.55 0.78
a300-10000 2067 2078.2 7.70 399.88 5.29 2060 2075.1 10.38 403.97 14.56 -1.02
a400-1 2788 2797.5 4.76 749.77 10.15 2786 2791.4 4.52 749.77 21.24 2.59
a400-10 2833 2847.8 7.17 780.44 17.78 2819 2844.1 11.35 811.97 30.3 -4.04
a400-100 2803 2818.9 13.36 854.99 97.01 28032808.9 4.39 799.67 27 6.47
a400-1000 2800 2816.4 10.28 824.99 78.342793 2810.9 7.91 797.91 47.62 3.28
a400-10000 2844 2857.2 8.94 808.78 56.692793 2810.9 10.37 797.91 36.19 1.34
a500-1 3571 3579.6 6.04 1330.40 28.97 3567 3576.9 7.27 1349.39 73.55 -1.43
a500-10 3573 3580.7 7.55 1302.53 38.48 3566 3580.1 10.49 1346.80 86.9 -3.40
a500-100 3576 3584.7 7.99 1396.26 125.1 3572 3583.1 9.42 1413.63 65.44 -1.24
a500-1000 3554 3564.2 5.84 1332.65 26.15 3554 3564.9 4.95 1382.99 64.73 -3.78
a500-10000 3580 3597.9 11.26 1337.25 20.1 3573 3596.1 13.44 1420.02 114.77 -6.19
Average -1.34

behavior of randomized algorithms. These plots basically show the cumulative probability
distributions of running times, i.e.,p(computationaltime< x) vs.x.

A TTT plot is generated, initially, by executing an algorithm several times and
measuring the time required to reach a solution at least as good as a target solution. In our
experiments, each strategy was executed a hundred times. Then, thei-th sorted running
time ti is associated with a probabilitypi = (i − 1/2)/100 and the pointszi = (ti, pi),
for i = 1, ..., 100 are plotted. Each plotted point indicates the probability (vertical axis)
for the strategy to achieve the target solution in the indicated time (horizontal axis). The
plots presented in Figures 1(a) and 1(b) were generated by the executions of GRASP-
PR, DM-GRASP-PR and MDM-GRASP-PR, for instance a400-100, using the same two
target solutions used in the previous experiment, respectively: an average value (2834)
and a more difficult one (2820).

For the average target, we observe in Figure 1(a) that GRASP-PR behaves worst
than the two other strategies, and that the MDM-GRASP-PR behaves better than DM-
GRASP-PR. We can see, for example, that the probability for MDM-GRASP-PR to reach
the average target in 800s is 100%, for DM-GRASP-PR is approximately 95% and for
GRASP-PR is approximately 58%. For the difficult target, Figure 1(b) shows that MDM-
GRASP-PR behaves better than DM-GRASP-PR and both behave better than GRASP-
PR. These plots indicate that MDM-GRASP-PR is able to reach difficult solutions faster
than DM-GRASP-PR and much faster than GRASP-PR, demonstrating that mining more
than once and when the elite set is stable brings robustness to the hybrid strategy.
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Figure 1. Time-to-target plotting

5. Conclusions
Hybrid GRASP metaheuristics which incorporate a data mining procedure has been suc-
cessfully applied for different combinatorial problems. In this work, we proposed to
combine a data mining technique into a GRASP metaheuristic with path-relinking in or-
der to show that not only the traditional GRASP can benefit from using patterns to guide
the search, but also GRASP improved with the path-relinkingheuristic.

The experimental results showed that the first version of theproposed path-
relinking hybrid strategy, called DM-GRASP-PR, was able toobtain better solutions in
less computational time than the original GRASP with path-relinking developed to solve
the 2-path network design problem, which was a state-of-the-art method for this problem.

In this first version of the path-relinking hybrid GRASP, thedata mining process
occurred just once. To explore the gradual evolution of the elite set of solutions and allow
the extraction of better and higher-quality patterns, we proposed another version of the
path-relinking hybrid strategy, called MDM-GRASP-PR. This strategy extracts new sets
of patterns whenever the elite set changes and becomes stable. The conducted experiments
showed that the MDM-GRASP-PR obtained even better results than the DM-GRASP-PR.

These results showed that incorporating a data mining technique is effective, not
only to memoryless heuristics, but also to methods that use exchange of information about
obtained solutions like the path-relinking strategy.

6. Comments
This work is part of a research project on hybrid metaheuristics with data mining. The stu-
dent Hugo Barbalho has developed, under supervision of Simone Martins and Alexandre
Plastino, both DM-GRASP-PR and MDM-GRASP-PR strategies based on the GRASP-
PR, implemented by Isabel Rosseti on her Ph.D. thesis. An extended version of this paper
has been submitted to the special issueGRASP with Path Relinkingof the Computers and
Operation Research Journal.
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